                                                                  Linear Regression 
Consider the 1-D linear regression model:
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are specified numbers. In this work, we will derive the statistics related to the least squares estimators: 
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In (2) we have defined the nonrandom quantities 
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where the form of f(*) is not specified.

The mean of 
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(4c)
Substituting (4c) into (4b) gives:              
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Substituting (4d) into (4a) gives:                              
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The variance of 
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where         
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(5c)
In (5c) define:                        
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Then (5c) becomes:         
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where                    
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Now:                
[image: image26.wmf][

]

n

Y

Y

Cov

n

Y

Y

Cov

Y

Y

Cov

Y

y

y

Y

Cov

Y

j

j

j

j

k

j

j

2

)

,

(

1

)

,

(

)

,

(

)

(

),

(

s

-

=

-

=

-

=

-

=

-

-

.
(5h)
Substituting (5h) into (5g): 
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From (5e), (5f) and (5i), (5d) is:            
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Substituting (5j) into (5b):                             
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Substituting (5k) into (5a):                                 
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The mean of 
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where                                              
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From (4) and (6b), (6a) becomes:                            
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The variance of 
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where                                                                   
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The covvariance between 
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From (7c), (8a) becomes:                                       
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Remark 1. Notice that the correlation between 
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Summary of Results
For the 1-D linear regression model:                                      
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where the collection 
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are specified numbers. In this work, we will derive the statistics related to the non-least squares (i.e using the term 
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These estimators are jointly distributed with mean and covariance matrices given by:
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Remark 2.  The least squares estimators do NOT use a 1/(n-1) factor in computing sample variaces and covariances. They use a 1/n factor.
Remark 3. In the textbook by Miller & Miller, see top of p.395, 14.20(b) on p.397 and 14.21 on p.397.
The mean and variance of the linear predictor-                
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From (9c):                                                           
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We have:                                      
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Hence, from (9d):                                 
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Example [See 14.67 on p.419 in the textbook] A scatter plot of wheat yield (Y) (bushels) as a function of amount of fertilizer used (X) (pounds) is shown below, along with a linear prediction model. 
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Figure 1. Scatter plot of wheat yield (Y) (bushels) as a function of amount of fertilizer used (X) (pounds); n=33.
[image: image59.emf]0 50 100 150

-15

-10

-5

0

5

10

15

20

Model Error vs. Fertilizer Amount

Amount of Fertilizer (pounds)

Yield Error (bushels)


Figure 2. Prediction errors.
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Figure 3.  Prediction model and +/- 2 sigma bounds, assuming nonrandom x’s. 

Appendix   Matlab Code

%PROGRAM NAME: pr14_67.m
%X= fertilizer amount (pounds) ; Y=wheat yield (bushels)
xy1=[112 33;92 28;72 38;66 17;112 35;88 31;42 8;126 37;72 32;52 20;28 17];
xy2=[88 24;44 17;132 36;23 14;57 25;111 40;69 29;19 12;103 27;141 40;77 26];
xy3=[37 27;32 9;77 32;142 38;37 13;127 23;88 31;48 37;61 25;71 14;113 26];
xy=[xy1;xy2;xy3];
nxy=length(xy);
%-----------------------------------------------------------
figure(1)
plot(xy(:,1),xy(:,2),'*')
title('Scatter Plot & Linear Model of Yield vs. Fertilizer Amount')
xlabel('Amount of Fertilizer (pounds)')
ylabel('Yield (bushels)')
grid
Mhat=mean(xy);
Chat=cov(xy);
ahat=Chat(1,2)/Chat(1,1);
bhat=Mhat(2)-ahat*Mhat(1);
yhat=ahat*xy(:,1)+bhat;
hold on
plot(xy(:,1),yhat,'r','LineWidth',2)
pause
err=xy(:,2)-yhat;
figure(2)
stem(xy(:,1),err)
title('Model Error vs. Fertilizer Amount')
xlabel('Amount of Fertilizer (pounds)')
ylabel('Yield Error (bushels)')
grid
pause
%==============================================================
%View x's as NUMBERS: Compute prediction sigma
x=0:1:150;
yhatx=ahat*x + bhat;
c1=Chat(2,2)/(nxy*Chat(1,1));
c2=Chat(2,2)+Mhat(1)^2;
VarYhat=c1*(x.^2 + c2 - 2*Mhat(1)*x);
SigYhat=VarYhat.^.5;
yhat1=yhatx-2*SigYhat;
yhat2=yhatx+2*SigYhat;
figure(1)
plot(x,[yhatx;yhat1;yhat2],'LineWidth',2)
legend('Data','Mean+2sigma','Mean','Mean-2sigma','Location','NorthWest')
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