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Chapter 1                                     Numbers
updated 8/27/13
1.1 INTRODUCTION
Almost every person is exposed to the intuitive notion of a number at a very early stage in life. Even so, the word merits discussion since it is almost always couched in an environment. A grammatical definition of a number might be the following:

                          A number is a symbol that represents a quantitative scalar measure of an entity. 

First, it is a symbol that captures quantitative information. Second, that information is in relation to an entity. Hence, as commonly used, numbers have units associated with the entity they describe. For example, my height is 6 ft. My weight is 154 lb. My shoe size is 10. Notice that the units associated with my shoe size are simply ‘shoe size’. While there may be a unit of length associated with shoe size, I know for a fact that it is not inches, since the length of my shoe is approximately 12 inches- a perfect foot! In fact, my body is calibrated! For example, my forefinger is 3 inches; each phalange being one inch in length.
1.2 Ordered n-Tuples of Numbers
Often we speak not about a single number, but of a collection of numbers. If the order of a collection of n numbers is important, then we say that the collection is an (ordered) n-tuple of numbers. Referring to my body measurements, the ordered 3-tuple (6, 10, 3) has units (height in ft. , shoe size , forefinger length in inches). It is important to note that if the order of these three numbers is permuted, they could suggest something very strange. For example, if they are rearranged in the order (10 , 3 , 6) then one might consider me to be a bit of a freak if one assumed the units were the ordered triple (height in ft. , shoe size , forefinger length in inches). Hence, an ordered n-tuple of numbers is a single entity that has n components that describe it. It is not n entities. The n numbers are attributes that describe that entity. The importance of this will become clear when we discuss the notion of a set, which is simply an (unordered) collection of entities. 
1.3 A Collection (or Set) of Ordered n-Tuples of Numbers
By the term collection we mean that the order used to describe it doesn’t matter. For example, suppose that I desired to measure the height, shoe size and forefinger length of three randomly chosen people walking along the street. My results are the collection { (5.5 , 6 , 2.4) , (6.6 , 14 , 4.1) , (5.3 , 9 , 2.6) }. I was not asked to record the order in which I stopped and measured the persons, and so this collection is the same as the collection { (6.6 14 4.1) , (5.5 , 6 , 2.4) , (5.3 , 9 , 2.6)}.
Sometimes it is not clear that the order of the components of n numbers is important. Consider the following example.
Example 1.1In heat treating gears, some engineers believe that there is less warpage if they are laid flat in stacks in the furnace, while others believe that it is better if they are hung on rods. To settle this debate, it was decided to collect runout data for these two methods. The study included 38 laid and 39 hung gears. The ordered runout measurements (from lowest to highest) are given in Table 1.
Table 1.  Thrust face runouts (in 0.0001”) for laid (top row) and hung (bottom row)

5 8 8  9   9    9  9  10 10 10 11 11 11 11 11 11 11 12 12 12 12 13 13 13 13 14 14 14 15 15 15 15 16 17 17 18 19 27

7 8 8 10 10 10 10 11 11 11 12 13 13 15 17 17 17 17 18 19 19 20 21 21 21 22 22 22 23 23 23 23 24 27 27 28 31 36 36
Clearly, the numbers in each row are ordered from the smallest to the largest value of measured runout. What is not clear from the arrangement in the table is the sequence in which the numbers were obtained. If one simply ignores this, then it is clear that, on the average, the gears that were laid flat have less runout than those that were hung. Hence, an engineer might conclude that gears should henceforth be laid flat during heat treating. However, suppose that the top row of data was collected on one day and that it is arranged chronologically. Similarly, suppose that the second row of data was obtained on a different day, and is also ordered chronologically. Then the increase in runout over time could be attributed to the fact that the furnace temperature was not constant throughout the test, but was constantly increasing throughout the test period in each day. Furthermore, suppose that the test period for the hung gears was begun at a higher initial furnace temperature. In this scenario it is not so easy to claim that it is better to lay gears than to hang them. □

1.4 The Need for Notation in Relation to Numbers, Ordered n-Tuples, and Collections of Them
At this point it is necessary to introduce the use of symbols in relation to numbers. We will use the lower case letters of the alphabet to represent numbers. For example, the measured height, shoe size and forefinger length of any person stopped on the street would look like (h, s, f). We have chosen these letters to represent height, shoe size and finger length, respectively. But we could have just as easily chosen (x,y,z). The important points to note here are that (i) a lower case letter denotes a number, and (ii) the use of parentheses denotes a single entity, namely, an ordered 3-tuple. Continuing, it follows that my sample of three persons chosen at random in my study will produce a collection of the form 
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. The use of the { } brackets denotes this as a collection of objects. Order is not important. The collection 
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has exactly the same elements as the collection 
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. Here, I have chosen to let the subscript numbers 1, 2, and 3 denote the first, second and third person in my survey. Even so, this indexing does not capture the time of day at which each person was surveyed. Suppose that I had also wanted to record these times. Then my collection might look like 
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. To get a better idea of how much (or little) information is entailed in expressing a collection of numbers (or n-tuples of numbers), we consider a number of scenarios related to Example 1.1.

Example 1.1 (continued) 

Scenario #1: In this scenario we are given only the data in Table 1, with no other information whatsoever. In this case we have a 38-tuple: 
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and a 39-tuple 
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, where xk corresponds to the kth runout measurement of a laid gear, and where yk corresponds to the kth runout measurement of a hung gear. 

Scenario #2: In this scenario we will assume that the numbers in each row have been arranged from lowest to highest value. In this case,  xk corresponds to the kth smallest runout measurement of a laid gear, and where yk corresponds to the kth smallest runout measurement of a hung gear. Nonetheless, the structure of the measurements associated with the two rows will be generally the same as in Scenario #1. The difference is that in this scenario we require that 
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Scenario #3: In this scenario we assume that the numbers are ordered chronologically and that they have been taken at 5-minute intervals on two different days. As in the last scenario, the subscripts have meaning. Specifically, xk corresponds to the runout measurement of a laid gear measured at the kth 5-minute interval, and yk corresponds to the runout of a hung gear measured at the kth time interval of a different day. The notation for the numbers in Table 1 is here as it was in Scenario #1.
Scenario #4: In this scenario we will presume that in order to account for random slow-time fluctuations in furnace temperature, the measurements of runout were made in an alternating fashion; that is, first a laid gear was measured, then a hung gear was measured, then a laid gear was measured, etc. Table 1 does not capture this measurement scheme. One notation for the measurements using this scheme would be
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. This collection includes 38 elements, each being an ordered pair (i.e. a 2-tuple of numbers). These 38 elements can be permuted without altering this notation since here we only know that after each measurement of a laid gear we will make a measurement of a hung gear. We presume nothing in relation to order beyond this. Notice also that we have ignored the 39th measurement of the hung gear; the one that was not preceded by a measurement of a laid gear. 
It should be pointed out that the notation 
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indicates a set with 38 entities, and that the order of these entities is irrelevant. This would be the case if the measurements were made at random times (i.e. a randomized experimental design). If the measurements were made chronologically, then the notation 
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is inadequate to capture the chronological order. One might argue that it does capture this, since the set 
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shows that the first entity in this set is the second set of measurements. However, recall that the letters are simply symbols for numbers. If one is given the set 
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, since the order of entities included in a set is, by definition, irrelevant, this set is exactly the same as the set 
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. They are one and the same set. To say that one set is a permuted version of the other makes no sense. 
Scenario #5: As an extension of the last scenario, we will presume here that measurements were made at 5 minute intervals. Then a notation for the original (possibly unordered) collection of measurements could be 
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. Notice that this collection includes only a single element, and it is a 77-tuple.

The purpose of considering the above scenarios was to demonstrate that the notation used to describe data is intimately related to the amount of information assumed in the process of making the measurements. The different scenarios resulted in collections of entities. Those entities ranged from numbers, to ordered pairs of numbers, to a single 77-tuple. These different arrangements are valuable in that they readily convey information as to how the data was collected.  □

Example 1.2. While the demand for energy is rapidly increasing throughout the world, so too is the demand for safe drinking water. According to the U.N., 884 million people lack a safe source of drinking water and 2.6 billion people don't have basic sanitation facilities. [1]. While people in the U.S. have been fortunate to have adequate water supplies for many, many years, increased energy exploration in the U.S. may alter that good fortune. The BP oil spill in the Gulf of Mexico is an example of a rare, but catastrophic impact on water surrounding our borders. Throughout the mainland the primary focus of energy exploration is on natural gas. To enhance the recovery rate of natural gas drilling, the method known as hydraulic fracturing (a.k.a fracking) is often used. [2] . Approximately 99.5% of the fluid injected into the bore hole consists of water and sand. The remaining 0.5% consists of chemicals used to aid in keeping the fractures from closing, and to track the fluid flow through throughout the vicinity of the bore hole. There is concern that these chemicals, as well as the gas itself, are contaminating ground water, resulting in significant increases in health problems. [3].
(a) Suppose that you have been assigned to investigate the potential contamination of ground water in a region where fracking is being used. This region includes 2 lakes, 1 river, and 3 small streams. You will collect 5 samples from each of these 6 waterways. Each sample will be tested for benzene levels (ppm). Describe what your collection of measurements might look like.
Solution: I will denote the 6 waterway in the order that I visit them, as 
[image: image18.wmf]6

1

}

{

}

6

,

,

2

,

1

{

=

D

=

k

k

L

 .
At the kth waterway I will collect 5 samples. These will be denoted as
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. Hence, my collection of 30 measurements will look like
[image: image20.wmf]6

1

5

1

,

}

{

=

=

k

j

jk

b

. We could also denote this collection as 
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(b) Your colleague has suggested that you collect one sample from each waterway on each of 5 randomly chosen days over the course of the 30-day month that you will conduct the study. Modify your answer to (a) to account for the measurements of dates of the 5 days you will randomly select.

Solution: I will denote the 5 randomly selected days as 
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. In this case, as opposed to the subscript j that corresponds to the jth measurement on a given single day, we will take the jth measurement on the day dj. In this case, our collection of measurements would look like
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[1] http://blogs.nationalgeographic.com/blogs/news/chiefeditor/2010/07/41-countries-refuse-to-vote-on.html
[2] http://en.wikipedia.org/wiki/Hydraulic_fracturing
[3] http://www.nytimes.com/2010/07/24/business/energy-environment/24gas.html?_r=1      □
The point of this example was to not only demonstrate the use of the discussed notation, but to illustrate that different notation can be used. In the next chapter we will offer more guidance as to how to choose a given notation. Another point was to emphasize the fact that we did not need actual numbers to arrive at the structure of the data that was to be collected. This can be an invaluable aid in developing a data collection scheme. All too often data is collected without such a prior development. Then afterwards one wishes that it had been collected in a different way, or that additional data had also been collected. Finally, note that we have introduced new notation. Rather than expressing a collection as, say 
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denotes a defined equality; that is, it is not an equality that can be proven. An example of the latter type of equality would be
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, where a is the area of a rectangle having base, b, and height, h. 
1.5 The Collection of All Possible Measurements
We now consider the matter of the nature of measurements that will be (or have been) made. To begin, let’s return to  Table 1 of Example 1.1. There, we note that the numbers in the table are all integers (i.e. integer multiples of 0.001”). It is reasonable to presume that the measurement resolution associated with the measurement tool was 1(x 0.001”). The range of measured values associated with the measured runout of the laid gears was from 5 to 27, and that of the hung gears was 7 to 36. In the absence of any further information, it is also reasonable to assume that, had more gears been tested, these ranges would have been greater. We know for certain that the smallest possible value can be no less than zero. An engineer familiar with the heat treating process may claim that it is impossible to ever have runout that exceeds, say, 50. But again, this is information we do not have. And so, in view of our ignorance, we will assume that there is no known upper limit to the possible runout that could be measured. Under these assumptions, the possible values of measured runout for any gear that might be tested is the set
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Notation: Note that this set of non-negative integers is not the same as the continuous interval
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. Here, we have introduced the notation for a half-open interval. In general, for any numbers a and b we will denote the continuum of numbers between a and b inclusive as [a , b]. This is termed a closed interval. The continuum of all numbers, but excluding the endpoints a and b will be denoted as (a , b). This notation for an open interval poses a potential ambiguity, since we have used the same notation to represent an ordered pair ( a 2-tuple) of numbers whose first component is a and second component is b. It should be clear from the context as to the meaning of the notation (a, b). 
It is important to clearly describe the set of all possible measurements. For example, had we claimed that the set of all possible runout measurements for any gear was
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, this suggests that our measurement tool has infinite resolution. No measurement tool has infinite resolution! 
We will now address the set of all possible measurements in relation to the first two scenarios of Example 1.1.

Example 1.1 (continued)
Scenario #1: In this scenario represented the first row of measurements as 
[image: image31.wmf])

,

,

,

(

38

2

1

x

x

x

L

, and the second row as 
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]. Hence, the set or collection of all possible values of the first row is
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Once again we have introduced notation for the sake of expediency. The symbol | is to be read as ‘such that’, the symbol 
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is to be read as ‘for every’, and the symbol 
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 is to be read as ‘contained in. And so, the set of all possible measurements of the first row includes an infinite number of elements. Moreover, each element is, itself, a 38-tuple. For example, one of the elements in the set S1 is (0, 0, …,0). Another is (1, 0, …, 0). Yet another is (0, 1, 0, …, 0). Clearly, the set S1 is very large! Finally, we note that the set S2 of all possible measurements of the second row is the same as S1, except that the elements of this set are 39-tuples:
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Scenario #2: In this scenario we imposed the additional requirement that 
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for every integer k contained in the set {2, 3, … , 38}. In this case we have
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Notice that we did not explicitly state that 
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The above example got into some fairly ‘ugly’ notation. Fortunately, in this course we will seldom encounter the same. The most important point to note is that the elements of all the sets are not numbers but n-tuples of numbers. The following example is more along the lines that we will encounter.

Example 1.3. Entry into a given program of study requires that the entrant take 3 examinations. On each examination the score is either fail (0) or pass (1). For each of the following scenarios, describe the collection of possible results.
(a) Scenario #1: The order of the scores is irrelevant.

Solution:  S1 = { (0,0,0) , (1,0,0) , (0,1,0), (0,0,1) , (1,1,0) , (1,0,1) , (0,1,1) , (1,1,1) }. In compact notation we could express this set as 
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(b) Scenario #2: The scores are ordered from lowest to highest.

Solution: S2 = { (0,0,0) , (0,0,1) , (0,1,1) , (1,1,1) }. Since this is a small set, there is no need for any compact notation.
(c) Identify the subset of S1 that corresponds to the subset {(0,0,1)} of S2.

Solution: The subset in question is { 1,0,0) , (0,1,0) , (0,0,1) }. 
(d) Clearly, an entrant is either not admitted (0) or admitted (1) into the program. Denote this set of numbers as S3= {0,1}. The event that the entrant is admitted is then the set {1}, which is a subset of S3. Suppose that acceptance into the program (i.e. the subset {1} of S3) requires that the entrant pass at least two of the three exams. Identify the subset of S1 that is equivalent to this event (i.e. the subset {1} of S3) . 
Solution: The subset of S1 that is equivalent to the subset {1} of S3 is:  {(1,1,0) , (1,0,1) , (0,1,1) , (1,1,1) }.

(e) Suppose that each of the eight singleton subsets of S1 has the same probability of occurring. Under this assumption, what is the probability that the entrant will be accepted into the program?

Solution: Since each of the 8 singleton subsets of S1 has the same probability, then each one has probability 1/8. Since the probability that the applicant is accepted is the subset in (e), which has 4 of these 8 elements, it follows that the probability of acceptance is 4/8 = 0.5.   □

Hopefully, the reader found the notation associated with parts (a) and (b) more tractable that that of Example 2. Specifically, when the possible values that the measurements can take on is notably limited, then there is no need for expedient (and to some readers, perhaps cryptic) notation. At the risk of boring certain readers it will once again be pointed out that the brackets { } denote a set, while the brackets ( ) denote an element.
In part (c) of the above example we introduced the concept of equivalent sets. We will discuss this concept more formally in the Chapter 3. Nonetheless, it is hoped that the reader could follow the logic of part (c) of Example 3. The concept of equivalent sets was repeated in part (d) for added clarity. Finally, part (e) introduced the notion of probability. Even though this concept will not be formally addressed until Chapter 3, it was felt that even at this early stage, the reader might begin to appreciate how the notion of equivalent sets can be used to compute probabilities.
1.6 Some Common Statistics as Numbers
Example 1.4. A survey sample revealed that out of a sample of 30 persons, only 5 expressed a desire to have access to in-flight internet. If a respondent did not have interest, a zero was recorded, and if the respondent had an interest, a one was recorded. The responses, as they were recorded, are shown in Table 2.

Table 2. Responses to the question “Do you desire to have in-flight internet access?” [no=0 ; 1=yes]
Person #:1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30

Answer: 0   0  1  0  0  0  0  1  0   0    0    0    1    0    0    0    0    0    0    0    0    1    0    0    0    0    1    0    0    0

The average of the data in Table 2 is 5/30 = 0.667.
(a) Assign symbols to the numbers, and use these symbols to arrive at an expression for the average, based on them.
Solution: We will denote the 30 zeros and ones in the table as
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 by their numerical values, there is no ambiguity. If this replacement is made, then the choice of the notation 
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 becomes problematic, since we no longer know which number corresponds to which survey participant. A notation that avoids this problem is to represent the 30 answers as an ordered 30-tuple: 
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. Both notations are correct.

(b) In the same survey, the persons were asked how much they would be willing to pay for in-flight internet access. The average response to this question was $2.25. Repeat part (a) in relation to this number.
Solution: Let 
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] denote the 30 dollar amounts. Then the average becomes
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(c) In relation to each of the two questions in the survey, identify the set of possible values of the measurements. If there is not sufficient information to identify either set, explain why.
Solution: Clearly, in relation to the question of whether or not internet is desirable we have S1 = {0 , 1}. Since we were not given the individual responses to the question of how much they would be willing to pay, we cannot know for certain what the set of possible values is for this question. □

Example 1.5 An extrusion process is designed to produce plastic rods that are 36” long and 0.5” in diameter. Recent quality assurance inspections have revealed that both of these design specifications are not being met very well. You have been assigned to conduct an investigation. You will randomly select n rods and use instrumentation having 0.01” resolution to make your measurements.
(a) Use appropriate notation to describe the measurements you will take from the kth bar.

Solution: My measurement will be an ordered pair 
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is the length measurement, and 
[image: image55.wmf]k

d

is the diameter measurement.
(b) Specify the set of all possible measurements in relation to the kth bar.

Solution:  In view of the 0.01” resolution and my ignorance of the manufacturing process, I will specify
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(c)  Specify the set of all possible measurements in relation to the entire sequence of 50 rods.

Solution:  
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. A more compact notation for this set would be 
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(d) A scatter plot of measurements for n = 50 rods is shown in Figure 1.
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Figure 1.  A scatter plot associated with (length, diameter measurements of 50 rods.

The orientation of this data ‘cloud’ suggests that there is a negative ‘correlation’ between length and diameter. The sample correlation coefficient for this data set was found to be -0.66. Use Google to obtain an expression for the use of the measurement set in (c) that gave this number.

Solution:  The expression
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was obtained from

http://en.wikipedia.org/wiki/Correlation_and_dependence
Here, we identify x with length and y with diameter.

(e) Develop the expression for the measured volume of the kth rod, call it vk.
Solution: The volume of a rod is
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(f) The sample means for the length and diameter measurements were 35.80” and 0.55”, respectively. Use these numbers to compute an estimate of the average volume of plastic needed to produce a rod. Then compare this to the design volume.

The average volume is: 
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. The design volume is: 
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. Hence, it appears that on the average, the volume of plastic used to produce a rod appears to be approximately 20% higher than the design volume!

(g) Give the expression for the average volume computed in (f), based on the measurements described in (b).
Solution: From (e) we have:  
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.     □
In the last example we limited our interest in single numbers. Often one is interested in more than simply single numbers. We will finish this section by considering a set of numbers associated with a histogram, in relation to the last example.
Example 1.5 (continued) In order to better understand the distribution of the measurements of the lengths of the rods, the following histogram was computed.
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Figure 2. Histogram of the measured lengths of 50 rods.

(h) Notice that the horizontal axis includes possible values that any measured length could have taken on. Offer an explanation as to why the range shown was obtained. [Hint: Consider the range of length measurements shown in Fig.1.]

Answer: The smallest measured length was slightly less than 35.6, and the largest was close to 36.0. And so, it appears that the histogram chose a range of values slightly larger than this range; perhaps in order to accommodate a convenient bin width of 0.05”. 
(i) Explain what information is contained in relation to the vertical axis.

Answer: This axis reflects the number of measurements that fell in the chosen bins.

(j) List the 10 numbers associated with the 10 bins, beginning from the left.

Answer: They include the 10-tuple (2, 1, 5, 9, 5, 9, 9, 7, 1, 2).

(k) Specify an appropriate notation of symbols that describes your answer to (j).
Answer: I will use the notation
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.  Once again, note the use of the ( ) brackets to denote an ordered n-tuple, and the subscripted numbers to denote the sequence of measurements.
(e) Construct an ordered 50-tuple that, when summed, results in the number of measurements in the kth bin.
Answer: For the jth measurement, 
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 otherwise. Then for the kth bin we have
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, which when summed gives the number of measurements in that bin; that is, 
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   □
1.7 Summary
In this chapter we addressed numbers. Specifically, we introduced the notion of replacing numbers that one might or might not have in hand with symbols. In fact, this chapter was predominantly about symbols, not concepts. One concept that was addressed was the difference between an ordered sequence of elements and a set (or collection of un-ordered) elements. Here, the use of the brackets ( ) denotes an ordered n-tuple, while the use of the brackets { } denotes an un-ordered collection. Another concept was that of a subset of a set and the operations of ‘and’ (an intersection of sets) and ‘or’ (a union of sets). This concept is basic in set theory, and is one that the reader should be able to grasp from this point on. A third concept that was introduced was that of ‘equivalent’ sets (or, in statistical jargon, ‘events’). As simple as this concept might seem, it is a deep one, and one that can make life in the land of probability very easy (or very difficult). Finally, we introduced some basic and popular statistical measures, including the sample mean, standard deviation, correlation coefficient, and histogram. These are items that the reader may well have encountered in high school. We will expand upon them in a conceptual framework throughout the subsequent chapters.
 Problems
Problem 1. Suppose you are given numbers 1, 2, 3, 4, and 5.

(a) If these numbers happen to be the responses of 5 participants in a survey, and if they were recorded in the order given above, use the appropriate brackets to describe them.
(b) Suppose that, as in (a), they are the responses of 5 participants, but that their order is unknown. How many possible orders to this 5-tuple are there? [Hint: Ask yourself: ‘How many possibilities are there for the first entry? Then, for each of these, how many possibilities are there for the second entry? Etc.)
(c) Give a symbolic representation for the collection of three of the possibilities noted in (b) [You choose them.]
(d) Suppose that the 5 numbers represent the possible answers to a single question. Use the appropriate brackets to describe them as a set.
(e) For your set (d), identify the subset that is, in words: The answers that have the value of 3 or greater.
Problem 2.  A survey of 1000 likely voters found that 52% favored extending tax cuts, 38% opposed extending them, and 10% were unsure. Let the number 1 denote ‘extension’, the number 2 denote ‘unsure’ and the number 3 denote ‘opposed’.
(a) Use appropriate notation to describe, symbolically, the set of possible responses of this ordered collection of 1000 likely voters.
(b) Plot a histogram that reflects the above numerical results.
(c) Develop mathematical expressions that correspond to the 3-tuple of numbers in your histogram. 
Problem 3 A recent YouTube post included a ‘debate’ between Senator Obama and President Obama:
                    http://www.huffingtonpost.com/2010/08/10/obama-vs-obama-on-afghani_n_676836.html
After watching this video, there is a survey question: Who do you think gets the best of this exchange?
Watch this video, answer the survey question, and then- assuming that you are the kth person to answer it, give a mathematical expression for (i) your answer, and (ii) the mathematical expression and resulting number for the fraction of respondents who answered: ‘Senator Obama’.
Problem 4  In a recent survey, it was reported that overall, personal income fell in 223 metropolitan areas, increased in 134, and remained unchanged in nine. In the majority of areas where personal income increased, the Commerce Department attributes a major portion of the rise to a jump in transfer receipts like unemployment benefits. Twelve metropolitan areas endured some of the nation's steepest personal income declines in 2009. [ c.f. http://www.huffingtonpost.com/2010/08/10/12-us-cities-where-income_n_676815.html ] 
(a) Obtain a list of the 12 metropolitan areas from the above web address, and list them in alphabetical order. Then use mathematical notation associated with the symbol ‘x’ to describe their associated income decline in this order. Finally, also give the numerical value description associated with this notation.
(b) Order the12 areas in (a) from highest to lowest population. Use mathematical notation associated with the symbol ‘y’ to describe their associated income decline. Finally, also give the numerical value description associated with this notation.
(c) Order then in relation to the time zones. Specifically, let 1 denote EST, 2 denote CST, 3 denote MST, and 4 denote PST. Use mathematical notation associated with the symbol ‘z’ to describe their associated income decline.  Finally, also give the numerical value description associated with this notation. [Note: Since several areas may be in the same time zone, there will be no single unique order of areas within a given zone.]
(d) It should be clear from parts (a) – (c) that different orderings of income decline can entail different meanings. Describe in words the meaning of xk , yk, and zk.
(e) In relation to part (b), use mathematical notation associated with the symbol‘s’ to describe the entity that is the ordered collection of population sizes. Also, give the numerical value of this entity.
(f) In relation to part (c), use mathematical notation associated with the symbol‘z’ to describe the entity that is the ordered collection of time zones. Also, give the numerical value of this entity.

(g) Construct a scatter plot of the entities in (e) and (b). From this plot, comment as to whether or not you believe there is a relationship between population size and income decline.

(h) Construct a scatter plot of the entities in (f) and (c). From this plot, comment as to whether or not you believe there is a relationship between time zone and income decline.

(i) Construct a scatter plot of the entities in (f) and (e). From this plot, comment as to whether or not you believe there is a relationship between time zone and population size.

Problem 5 Overdraft fees account for a significant amount of income of financial lending institutions: In a decision handed down late Tuesday, U.S. District Judge William Alsup accused Wells Fargo of "profiteering" by changing its policies to process checks, debit card transactions and bill payments from the highest dollar amount to the lowest, rather than in the order the transactions took place. That helped drain customer bank accounts faster and drive up overdraft fees, a policy Alsup referred to as "gouging and profiteering."

http://www.huffingtonpost.com/2010/08/11/wells-fargo-overdraft-law_n_679178.html
Suppose that you have a debit card from a bank that allows you to withdraw more than you have in your account, but with an overdraft fee applied to each such transaction. As of Friday morning you have $100 in your account. Throughout the next 24 hours you withdraw (in chronological order)  the following amounts: $10 ; $35 ; $20 ; $70. There is a $40 fee for every overdraft.
(a) Assuming the withdrawals are processed in the order that they are received, compute the total amount of overdraft fees. 
(b) Assuming the withdrawals are batch-processed at the end of the period, and arranged in order from largest to smallest amount, compute the total amount of overdraft fees.
(c) Denote the chronologically ordered withdrawals as the 4-tuple 
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. Along with this 4-tuple we can define the associated 4-tuple 
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, where the kth element, yk equals zero if the kth withdrawal, xk, did not result in an overdraft fee, and equals one if it did. Give the numerical description for 
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(d) Give the symbolic expression for the total amount of overdraft fees, call it z, as a function of
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(e) If in (c) we replace the term chronologically ordered with the term batch-ordered (as defined in (b) ), give the numerical description for the corresponding 
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(f) Clearly, the measurement x1 in (e) is not the same as the x1 in (c). Call the one in (e) 
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. Give a mathematical expression that relates this symbol to the 4-tuple symbol 
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 as defined in (c).
Problem 6   Suppose that you are assigned to investigate the performance of two brands of polishing pads on their ability to achieve a smooth surface. All test specimens will have the same initial surface roughness. Each specimen will be polished for 30 seconds and will utilize a new polishing pad. Two pressure levels will be investigated, and 15 specimens will be tested for each pressure. For each specimen a total of 10 measurements of surface roughness will be made.

Develop symbolic notation that corresponds to the totality of the measurements that will be made.

Problem 7 A vibration sensor is used to monitor the vibration of a cooling pump being used at the space station. Suppose that any vibration measurement has (essentially) infinite resolution, and includes the interval 
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[Note: Usually, vibration is measured in units of velocity; though depending on the application, it can be measured in units of displacement, acceleration, or jerk, which is the time derivative of acceleration.]
(a) Suppose that a vibration measurement is recorded every 0.01 seconds. A plot of a single sample of 60 measurements over a one-minute period is shown below. The pump is known to be in good condition when this sample was taken.
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Give an appropriate symbolic description for the numbers in the above plot.
(b) The array of numbers plotted in (a) is contained in the Matlab file:  x.mat. Load this array into the Matlab workspace by typing the command: load x. Use the Matlab command ‘hist’ to plot a histogram of this sample of 60 measurements. Before using this command, create an array of bin centers by typing: bvec = -3.75 : 0.5 :3.75. Then type the command hist(x,bvec). This will result in a histogram plot. You should find that it includes 16 bins, six of which are empty. Finally, type the command: h = hist(x,bvec); If you then type h , you will see an array of 16 numbers that correspond to the heights of the 16 bins. Convert this array to a ‘relative frequency’ array, by typing the command: px = (1/60)*h . You should find that the elements of this array add up to 1.0. To verify this, you can type the command: sum(px) .  Finally, you should obtain a plot similar to the one in (a), but where the heights add up to 1.0; not 60. You can obtain this plot by typing the command bar(bvec,px) . [Note: This plot will have small spaces between the bins. That’s ok.]
(c) Develop a symbolic expression for the kth element of px. Call this px(k).   [Hint: See Problem 2(c) above.]
(d) Notice that the number px(k)  is associated with the kth bin, whose center we will call bk. Consider the variable defined by: 
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. Looking at this variable, it should become clear that as k increases, it gets bigger and bigger. Just how it is increasing can perhaps be more clearly seen by expressing it as 
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. Hence, this variable is accumulating as k increases. Use the following Matlab code to obtain a plot of this 16-tuple ‘cumulative’ variable:
Fx = zeros(1,16);

Fx(1) = px(1);

for k = 2:16

Fx(k) = Fx(k-1) + px(k);

end

plot(bvec , Fx , ‘*-‘)
(e) Develop a symbolic mathematical expression for Fx(k).
Problem 8   Referring to the plot in Problem 7(a), it should appear that the numbers, as plotted, do not look to be completely random. Specifically, if you pick any number, then generally, the numbers nearby (i.e. at sample times close to the one corresponding to the picked number) have values that are relatively close to that number. In other words, those nearby values are not totally unpredictable, given the chosen number. To investigate the relationship between any number and the one at the next sampling time:

(a) Compute a scatter plot, where the ‘x-values’ include 
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and the ‘y-values’ include 
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(b) Use the Matlab command: corrcoef to compute the sample correlation coefficient between ‘x’ and ‘y’. You can find more information about this command by either (i) typing: help corrcoef in the command window, or (ii) going to the help documentation related to the statistics toolbox.
(c) Give the mathematical expression for the sample correlation coefficient computed in (b).
(d) For any time index, k, give the set of all possible values of the ordered pair
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(e) Consider the ‘conditioned’ subset of S where for any k, the first element of the ordered pair 
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 is satisfied. Based on your answer to (d), give the mathematical description of this ‘conditioned’ set.
(f) For the given numerical values corresponding to 
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find the fraction of the 59 ordered pairs that satisfy 
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 given that we restrict our focus on only the conditioned set in (e). This fraction is an estimate of the probability that: given any
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