THE MONTY HALL PROBLEM SOLUTION WITHOUT CONDITIONAL PROBABILITY 

       by Prof. Peter Sherman, Iowa State University, Ames, IA  (posted 3/14/04)

THE PROBLEM: The Monty Hall “Let’s Make a Deal” problem is based on that game show. Monty places a prize behind one of 3 doors. You select a door. Before Monty tells you whether you have won, he shows you a remaining door that does not have the prize behind it. He then asks you if you would like to switch your choice to the door he did not reveal, or keep your original door. The question to be answered is: Is it to your advantage to switch doors.

THE SOLUTION WITHOUT USING CONDITIONAL PROBABILITY: Assume you, the contestant, have decided that you will adhere to the switching strategy. Then logic, not probability theory prevails in the solution to this problem. If your initial door matches the prize door, you lose. If not, you win. (Think about it!) At this point, the only probability idea that is needed is the number of door-picked/prize door possibilities, and the number of them that correspond to losing. There are 9 possibilities, and 3 of them correspond to losing. So, if you assume that any of the 9 possibilities has probability 1/9, then your chances of winning with this switch strategy are twice as great as losing.

FURTHER DISCUSSION FOR PURSUIT OF NON-EQUAL PROBABILITIES: The standard solution to this problem uses the concept of conditional probability, and in particular, Baye’s theorem. There are an enormous number of websites that contain this solution, with varying degrees of explanation. A person who has been exposed to elements of probability theory could possibly follow the logic of this solution approach, and end up being convinced that, indeed, it is better to switch doors. However, for those who do not have sufficient confidence in their understanding of probability theory, such a solution may well seem to be slight of hand, or black magic. The solution I offer above is not only devoid of the notion of conditional probability, but the only elements of probability used are at a level that one having no exposure to probability theory could understand. The solution here is based more on simple logic than anything else. Furthermore, it permits the possibility that both the contestant and Monty may have preferred door choices. To pursue this more general setting:

Let X = the number of the door with the prize behind it. Then X can be 1,2, or 3.

Let Y = the number of the door you first select. Then Y can be 1,2, or 3.

Scenario #1- You will not switch. Since you are determined to keep your first choice, it makes no difference that Monty shows you a remaining door that does not have the prize. Since X and Y can each take one of the 3 values {1, 2, 3}, the “sample space” for the 2-dimensional random variable (X, Y) is:

S = { 11, 12, 13, 21, 22, 23, 31, 32, 33}, and the event that X=Y is

[X = Y] = {11, 22, 33} = “You win”

Assumption 1: The door Monty chooses to put the prize behind has no bearing on the door you select. In statistical jargon, this is equivalent to assuming that X and Y are statistically independent. 
As a consequence of Assumption 1, we have:

Use #1 of Probability: Pr[X = j and Y = k] = Pr[X=j] Pr[Y = k] = 
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Thus, using the switching strategy, the probability that the contestant loses is:

Pr[“you lose”] = 
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Hence, 

Pr[“you win”] = 
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The Special Case of Equal Probabilities: If we assume that for any j and k, we have:
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then the probability that you lose is 1/3 and the probability that you win is 2/3.

The simple form of the probability that you lose, given by (1) above, allows you to explore various more realistic situations, and in particular, to discover combinations of various assumed probabilities that can maximize the probability that you win. 

Example Suppose that you have watched the game show for years, and that, by your estimation, Monty hides the prize most often behind Door #1, and least often behind door #3. In particular, assume here that 
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Solution: With just a little thought, the optimal strategy should be obvious; that is, your initial pick should be Door #3. Because you are determined to switch this door for another door, if the prize is behind Door #3, you lose. This probability is 1/6. So, the probability that you win is 5/6.

A Final Remark. The logic behind the witching strategy is so simple, that you can apply it in a manner that would be nontrivial for the novice to address using conditional probability. For example, if you recorded the daily prize door numbers, then you might discover that a given door has recently been only rarely chosen to hide the prize. In this case, that would be the door to pick initially. This strategy takes greater advantage of more recent information than does the simple use of long-term based probabilities.
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