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Lectures 5 (Week 3.0)
At this point in the course, I feel that it is time that we focus on the single most important concept and building block in the subject of probability and statistics; namely, random variables.
The above lectures are a dramatic departure from the elements of Chapter 3, which is the next chapter to be covered in the book. A small part of the lecture material is contained in Chapter 5. You may read ahead if you wish. However, the material here is completely self-contained, so that you need not read ahead.
The material here will, in my opinion, place an entirely new and deeper light on the material of both Chapters 3 and 4, which will be covered subsequently.

The following material is entitled ‘Chapter 1’, in reference to a monograph I am working on. It will require at least two lectures, and very possibly three. In order to cover the material in this amount of time, you must read material before the lectures. I cannot tell you how much to read at this point, since I do not know how far we will get in a given lecture. That will depend on how well I feel you are grasping material being presented and discussed during the lecture. I would recommend that you read an amount that you feel could reasonably be covered in the next lecture. If we go further than that during the lecture, I feel you will still be in pretty good shape. But again, read before the next lecture.
Your next homework assignment will cover (at least part of) the following material. The material will also comprise a substantial fraction of Exam 1. 
Chapter 1. A Working Definition of a Random Variable.
1.1 The Concept of a Random Variable
Since for many, a course in statistics seems almost like a course in Spanish or French, it is important to not only begin with clear and precise definitions, but to diminish the requirement that they be memorized. Rather, they should be intuitively appealing, and hence, natural in a conceptual way. To this end, we begin with the notion of a variable. Well, one might say that a variable is something that, simply, can vary, or change. And this is a good start. However, we will need to go further than this.
1.2 Random Variable as a Measurable Quantity

Definition 1.1. A variable is a characteristic or property of an entity.

Definition 1.2 A random variable is an act of measuring a variable, such that, if repeated, different numerical values might result.
In-Class Problem 1.1  Is each quantity below an example of (a) a non-random variable, or (b) a random variable?

(a) Your Tuesday classes
(a)_________
(b)_________

(b) Recording the color of your eyes
(a)_________
(b)_________

      (c) Your weight
(a)_________
(b)_________

(d) Recording monthly rainfall
(a)_________
(b)_________

(e) Asking any ISU student their IQ
(a)_________
(b)_________

(f) The Matlab command rand(10,10)
(a)_________
(b)_________

1.3 Random Variable as an Action
In this section we delve a little deeper into the concept of a random variable. For example, consider your body temperature, which we discussed as a potential random variable in the last section. There, it was noted that, depending on how accurately it is measured, it may or may not be random. But, regardless of the amount of accuracy, it is, nonetheless, a measurable variable, since, according to Definition 1.1, we can measure it. But, if we do not have sufficient measurement resolution, then every time we measure it, we will get the same number. Of course, one could argue that it is possible that, if the person has a high enough fever, then the numerical value associated with this act of measuring body temperature could change. Rather than getting too caught up in this example, let’s consider some examples.
Example 1.1 John and Mary are in high school, and are kind of dating. They meet almost every day after school at the local diner. On the days that John doesn’t show up, Mary enters a little note to that effect in her personal journal. If we ignore the specifics of such notes, then they basically record whether or not John showed up. The act of recording a single note on an arbitrary day is a random variable. Call it X. It can take on only one of two possible values, namely, 0 (no show) or 1 (showed up).
Example 1.2 Jane had been living away from home for only one month when she began to realize how nice the interior of her home was, compared to the apartment she now shared with five other college girls. So one day, she decided to make curtains for the windows in her apartment. Being an impoverished student, she was very careful in her measurement of the width of each window, so that she would not be spending money of material she did not need. Using her dad’s metal tape measure, she obtained a reliable measurement of the width of her bathroom window. She measured it three times, and each time she obtained the same number: 32 inches. So, she had the seamstress cut a piece of material to a length of 34 inches, in order to accommodate four ½-inch hems. But the seamstress used a cloth tape measure. Because cloth (referring to the cloth tape, as well as the curtain material) is more easily stretched than metal, the actual length (according to Jane’s measurement using a metal tape measure) turned out to be more or less 35 inches. Needless to say, Jane was very upset that she did not get what she ordered. The point of this example is that the variable- measurement of needed material width- resulted in numerical values that depended on how it was measured.  So, actually, there were two variables involved here. One was the action of measuring the window width using a metal tape measure. And since the same number was obtained every time it was measured, it might be viewed as a nonrandom variable. The second was the act of measuring the material with a cloth tape measure. In fact, each time Jane measured it she obtained a slightly different number. And so the act of measuring material with a cloth tape measure is a random variable. (
For those readers with a more mathematical bent, let’s consider another example related to items (f) and (g) of In-Class Problem 1.1.

Example 1.3 A square whose side has length, x, has an area 
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. If the length is x=2, then the area is 
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. Now be careful here. The number 4 results from the action of squaring the number 2. This action, expressed in mathematical terms, is 
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. This action is a variable. The result it is a number. So, if one takes the expression 
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to be the action of squaring the number 2, then (f) is a variable. But if one takes this expression to be the consequence of this action, then (f) is a number. One the other hand, in (g) we are not given a value of x, and so it is easier to interpret (g) as the action (i.e. a variable), instead of a number. Nonetheless, the latter interpretation is also a valid one. Once again, it is worth repeating what was stated above:

A variable is a quantity that can be somehow measured. But- the numerical value that results as a consequence of this action of measuring is not a variable at all. It is a number.

These examples point toward alternative, and more precise definitions of a variable and a random variable than those in the last section.

Definition 1.3. A variable is an action or operation in association with a quantity. And the outcome of the operation or action is a number (or collection of numbers).

Definition 1.4. A random variable, is a variable with the property that each time the action or operation is performed a different number (or collection of numbers) can result.

1.4 The Sample Space Associated with a Random Variable

A question that arises immediately from Definition 1.4 of a random variable is: what is the set of numerical values that it can possibly have? This is a question of practical importance. For example, if the seamstress in Example 1.2 knows that when she measures a yard of cloth, the true length of the cloth is always within an inch of the measured length, then her action of measuring a yard of material is a random variable that can take on numerical values in the interval 35” – 37”. And so, when she orders a bolt of material that is stated as 10 yards, she is sure that she will get at least 9-2/3 separate measured yards from it. This leads us to a definition of an item, which is conceptually simple, but with a name that many may find vague and/or uninspiring.

Definition1.5 The collection of all possible measurable numerical values that a random variable, say, X, can have is called the sample space for X. We will denote this collection as 
[image: image5.wmf]X

S

.

It should be clear to even the not-so-mathematically inclined reader that random variables, and the area of probability and statistics, in general, can, and usually does entail a fair bit of mathematics. And in mathematics it is very important that everyone agree on the meaning a defined quantity. Hence, mathematics is rife with terminology that the masses have never heard of. And in some ways, it may be speculated that it is this terminology more than the actual concepts, which has scared so many from delving into mathematics. The terminology, at a first level, may seem simply too foreign and unintuitive, so that one must simply resort to rote memorization. And as I remarked in the Preface of this book, it is my personal belief that this is especially true in the area of probability and statistics. It is, indeed, akin to learning a foreign language; but a language, which is, in a cultural sense, totally unmotivated. For, while there is a culture that speaks the language, it does not reside in a country called Satisticana. And one (usually) cannot identify a person from this culture by his/her appearance. And so, I hesitate to bring such terminology as a sample space into this book, since I do not want to scare the reader away. But the fact is, definitions have their advantages. They can alleviate the need for lengthy descriptions repeated again and again. And they allow one to go further into an area with greater confidence. So, while I will attempt to minimize definitions throughout this book (especially cryptic ones), the student should be forewarned that they will be found here. So, now let’s return to elaborate on the concept of a sample space associated with a random variable. Hopefully, the concept will seem so simple that the reader might not feel so uncomfortable with the term, and may even aspire to come up with a term that he/she finds more attractive and intuitive.

In-Class Problem 1.2.
(a) For Example 1.1, let X denote the action of Mary noting whether John showed up for their meeting on any given day.  
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= _____________________________.

(b) For Example 1.1, let X denote the action of Mary noting whether John showed up on each of any two consecutive days.  
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= ______________________________.

(c) For Example 1.1, let X denote the number of times in any week that john does not show up.  
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= ___________________________________________________.

(d) Let X denote the body temperature of a person, as measured with a digital thermometer that displays temperature to the nearest 0.1 degree F.  Based on your experience with your own body temperature, speculate on what you think 
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 is. 
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= ____________________________________________________________.

(e) If you could measure your body temperature with infinite precision, then, consistent with your answer in (d), 
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= ________________________________.

(f) Let X denote body temperatures associated with morning and evening measurements. Then, consistent with (e), 
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= ___________________________.

Now, a collection of objects may also be termed a set of objects, or simply, a set. And so, the sample space associated with a scalar-valued random variable is simply a set of numbers. If the random variable is 2-dimensional, then it is a set of ordered pairs of numbers. And in the most general case, the measurements consist of, say, an analog measurement of your EEG over a time period, say five seconds, then any measurement is a plot of wiggles lasting five seconds, as shown below.
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Figure 1. A plot of measured EEG activity over a 5-second period.

In-Class Problem 1.3. Referring to Figure 1:

(a) How many numbers are contained in the time interval [0,5]?

_______________________________________________________________________
(b) What is the range of values that the EEG voltage, v(t) may take on for any specified time t?

_______________________________________________________________________
(c) Based on your answers to (a) and (b), how many random variables are associated with the analog measurement of EEG over a 5-second period? ______________________
(d) What is the sample space for this conglomerate of random variables in (c), which is, itself a (very large) random variable? ______________________________________
This In-Class problem is a bit of a brain teaser. For now, let’s consider the simplest random variable, namely a scalar-valued, or 1-dimensional random variable. A good grasp of this one should allow the reader to extend related concepts to a 2-dimensional one, or even to the infinite-dimensional one associated with In-Class problem 1.3. 

In-Class Problem 1.4. Notice that time t=0 in Figure 1 corresponds to the point at which any given measurement is initiated. Thus, v(t=2)=v(2) is a scalar-valued random variable that corresponds to the measurement of EEG two seconds into the measurement of any given 5-second measurement. 

(a) What is the sample space for v(2)? _________________________________________

(b) What value did v(2) take on in the measurement shown in Figure 1? _________
In summary, a sample space associated with a scalar-valued random variable is nothing more than a collection or set of numbers that correspond to all the possible values that the random variable could take on. This is generally not equal to the set of values it did take on when measured a finite (or even infinite) number of times. 

In-Class Problem 1.5. When you go to the doctor’s office for a physical exam, one of the first things the nurse does is to measure your pulse. Even though your heart beat rate is recorded in beats per minute, very seldom will the nurse ever count the number of beats for all of one minute. A more typical scenario is to count the number of beats in a 10-second interval, and then multiply this number by 6, in order to arrive at an estimate of the heart rate over a one-minute interval. 

(a) Specify a sample space for the random variable which is the number of beats in a 10-second interval. ________________________________________________________________________________________________________________________________________________
(b) Based on your answer in (a), what is the sample space for the random variable which is the estimated heart rate in a one-minute interval (recorded as beats per minute or BPM)?

________________________________________________________________________________________________________________________________________________
Example 1.4 In making a quick summary judgment about the health of a patient, the doctor will usually tell the patient something like: “Your pulse is normal. Your blood pressure is normal. Your reflexes are normal. (blah, blah, blah)”. Consider a 2-dimensional random variable 
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 corresponds to whether your pulse is normal or not, and where 
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 corresponds to whether your blood pressure is normal or not. For each of these random variables, let’s identify normal with the number zero, and not normal with the number one. Specify the sample space for X. To this end, simply ask yourself: what values for X could I possibly have? This should lead you to firstly note that a value of X has two components: one concerning pulse and the other concerning blood pressure. Because we are only interested in normal versus abnormal 

Definition 1.6 An n-dimensional random variable, X, is one whose sample space, 
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, has elements that are scalar-valued, real numbers. An n-dimensional random variable, X, is one consisting of n 1-dimensional random variables: 
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We will end this section with a discussion about how one can represent, or describe a sample space in a manner other than words. In the case where the sample space has relatively few elements, the person who prefers pictures to mathematical expressions can get away from the latter, in favor of the former. But the student who enjoys mathematical expressions can, nonetheless, choose that route. The following example illustrates this in relation to Example 1.3.
Example 1.5 Describe the sample space for the random variable of Example1.4 algebraically, and graphically.

Solution- Each component of this 2-D random variable is a 1-D random variable. So, we can express this 2-D random variable as 
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. Now, the sample space for 
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 is the set {0,1}; which, in this example, also is the sample space for 
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. And so, the possible values for X is simply the set {(0,0), (0,1), (1,0), (1,1)}. Even though we do not need to use any more mathematical notation that this, to describe the sample space for X, let’s use it anyway. It will allow us to feel more comfortable with higher dimensional random variables, as well as those whose components can take on more than just two values. This set, let’s call it 
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, can be expressed in relation to the sample spaces associated with its components as:
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{(0,0), (0,1), (1,0), (1,1)}            (1)

The graphical description of this set is, to me anyway, much more appealing. It is simply 4 points in the x1 – x2  plane, as shown below.
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Figure 2. The dark (blue) squares represent the points that are the sample space for X .

Here are a few more random variables. See if you can identify a sample space for each.

In-Class Problem 1.6
(a) X=recording your interest level in this material, on a scale of one to ten: 
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(b) X=generation of a random number between zero and one: 
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(c) X= generation of TWO random numbers between zero and one: 
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(d) X=noting the total weight of junk food you eat in any week: 
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(e) X= recording the price of a stock for each of any 5 consecutive days: 
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Example 1.7 Stock prices are typically measured to the nearest 1/8th of a dollar. Why is this? Is it because people have observed that finer increments are unnecessary in describing the activity of a stock? Is it because it is simple? Or is it merely the way things evolved over time, with no real rationale in mind? Whatever the reason, one might ask the question: Is this level of measurement resolution the best level to use in trying to predict the behavior of a stock? One common tool used in predicting stock behavior is the xx-day moving average. Typically the number xx is either 10 or 20. So, how does the measurement resolution affect this moving average? It could be that a finer or coarser resolution might result in better predictability. And if one has thought this deeply about the issue, that can lead one to explore possibilities that could be financially lucrative. For example, one could round a stock’s reported price to the nearest dollar, and then compute the moving average for this random variable. The xx-day moving average of a stock computed at any time, say, t, is simply
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where 
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 is the reported stock price at the time, t, on the kth day prior to the present day. If we let 
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 denote the stock price 
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 rounded to the nearest dollar, then one could choose a stock to follow, and compare how well the stock’s behavior is predicted by 
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Now, it may turn out that there is no obvious advantage to be gained by this rounding procedure. But then again, there could be value to it. The point is that the thought process has led one to explore an idea that is somewhat novel (at least, this author has seen nothing of this nature discussed in books dealing with predicting stocks), and potentially financially lucrative. $$$

In-Class Problem 1.8 Referring to Example 1.7 above, consider using a 10-day moving average (i.e. xx=10). Furthermore, assume that the stock price is reported in increments of 1/8th of a dollar. Describe the sample spaces for the non-rounded and rounded (to the nearest dollar) 10-day moving averages.
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Your answer should convince you that stock price is an ambiguous quantity, while the actions of measuring the price of a stock to the nearest 1/8th of a dollar, or to the nearest dollar, are well-defined random variables. 
1.6 Summary
This chapter addressed the concept of a random variable, and its associated sample space.  Very simply, a variable is an action, or, grammatically speaking, a verb. It is not a noun, as is so often suggested in textbooks on probability and statistics. For example, the height, weight and sex of a teenager involved in a health study are not variables, strictly speaking. These are attributes of the person, not action verbs. What is implied in relation to these attributes is the act of measuring them. “Overly pedantic distinctions!”, one versed in the subject might sigh. But, if one focuses not on height, but on the measurement of it, then one is more easily led to the appropriate sample space for this variable. For example, if height is measured to the nearest inch, then the sample space is discrete. Hence, a proper histogram (to be discussed in depth in Chapter 3) should not be plotted as a function of a continuous range of heights, but as a function of discrete heights. In this way, if one were to ask about the probability of someone being between, say, 5’6” and 5’7”, two appropriate answers would be possible. One would be: “I have no idea, because my measurements were only to the nearest inch.” Another could be: “Well, even though I measured only to the nearest inch, if I assume that one half of the height measurements at 5’6” were between 5’6” and 5’6.5”, and if we assume, similarly, that one half of the height measurements at 5’7”  were actually heights between 5’6.5” and 5’7”, then I can give you an answer.” An awareness of such an assumption can not only lead one to assess its reasonableness, or to arrive at better assumptions, but more fundamentally, it is a reflection of real learning. 

We have tried to limit our discussion of sample spaces here, in order to allow the reader the opportunity to try to catch the big picture, and not get distracted by too many details. In the next chapter we will begin address these details. But this will be done in a pragmatic way. Specifically, the measurements themselves will often tip one off, as to the sample space. For example, if the height data contains measurements only in inches, then one might presume that measurement of the same was only to the nearest inch.
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