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Homework 3  SOLUTION                        Fall 2008  Due Tuesday 16 September
PROBLEM 1 (20 pts)  In making her observations as to John’s appearance at the diner, Mary has also noticed that a mutual friend of theirs, Frieda, has also not been there as frequently as in the past. Even though Mary is not the jealous type by nature, her curiosity and insecurities are getting the best of her. So, she decides to also record whether Frieda is showing up. 

(a) (5 pts) Give the sample space for the entries in her journal for any given day.

Let X = (X1,X2) be the acts of recording whether John and Frieda show up, respectively, with ‘no-show’=1 and ‘showed-up’=0. Then SX = { (0,0), (1,0), (0,1), (1,1) }.
(b) (5 pts) From (a), identify the subset that John shows up on any given day. { (0,0) , (0,1) }
(c) (10 pts) Repeat (a) and (b) for any two specified days of the week.

With X defined in (a), let Let Y = (Y1,Y2) be the acts of recording whether John and Frieda show up, respectively, on the day after X. Then the random variable (X,Y) is 4-D and its sample space is
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The middle expression was included to emphasize the fact that typically X and Y will not have the same sample space. In this case, they do. In the sample space (1.1), the event that John shows up on any given day now includes the event that he shows up on either one or on both consecutive days. What Frieda does is irrelevant. Hence, this event is 
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. Notice that this set only describes the requirements on John. Since the above sample space describes all possible (x,y) values it is not necessary to be more specific.
PROBLEM 2 (25 pts) Referring to the EEG setting addressed in Example 1.3: Suppose that a digital EEG record is collected, instead of a continuous-time one. After all, one would almost invariably use a digital computer to analyze the data in this day and age. Suppose that the sampling interval is ∆. 

(a) (10 pts) Describe the sample space that corresponds to the random variable, or action of measuring EEG over a 5-second period. Let  X denote this action. Let N equal the integer portion of 5/Δ. Then N is the number of measurements made in a 5-second interval. Hence, X = (X1, X2, …, XN) is an N-D random variable, with sample space SX = { x = (x1, x2, …, xN)  | each xk is in the interval [a,b] }. Looking at Figure 1 on p.7 of Lecture 5, we see that the measured EEG remains in the range [-6 , 6] volts. With zero knowledge about electrical equipment or the measurement resolution, one might specify the interval [a,b] to be the interval (-∞,∞). One might also argue that if the shown EEG is typical, then perhaps it is more like [-10 , 10] volts. One could, as well, give [-6 , 6] volts.
(b) (5 pts) Suppose that it is desired to study how EEG varies from one sample to the next; that is, for any measurement 
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 you would like to investigate how this might relate to the next measurement, 
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. Describe the random variable and corresponding sample space that would permit you to carry out such a study. 

Define the random variable X = (X1, X2) where X1 is the act of measuring EEG at any discrete time, and X2 is the act of measuring it at the discrete time just after that associated with X1. Then the sample space for both X1 and X2 is [a,b] as chosen in (a). Hence, the sample space for X is  SX  = { (x1 , x2 )  |  both elements are in [a,b] }.
(c) (5 pts) In relation to (b), how many measurements of this random variable would you have after collecting a 5-second EEG record, sampled at ∆ seconds between each measurement. There would be a total of N-1 measurements; the first being (x1,x2) and the last being (xN-1, xN ) .
(d) (5 pts) Very often in EEG analysis, one is interested in how fast or slowly varying the pattern is over time. For example, in sleep studies researchers have identified various stages of sleep with waves that vary slowly (delta waves), and those that vary more rapidly (alpha waves). One method of characterizing this behavior is to measure the time interval between successive zero-crossings of the EEG. For example, in relation to a 5-second EEG record, you might have, say, 7 zero-crossings; the time between the first and the second might be 3∆, between the second and the third might be 5∆, etc. Identify the random variable that would yield such measurements, and specify its sample space. A zero-crossing is equivalent to a change in the sign of two successive measurements of EEG. Since we have address two successive measurements of EEG in (b), define the random variable, say, Y, with sample space {0 , 1}. The event {1} is defined to be equivalent to the event that a zero crossing occurs. In terms of X = (X1, X2) with SX  = { (x1 , x2 )  |  both elements are in [a,b] }, the event that a zero crossing occurs is the subset of SX that adhere to either of the following conditions:    x1 > 0 and x2 < 0   or  x1 < 0 and x2 > 0. Of course, there are other ways of detecting a sign change, as well. For example, one could look at the sign of the ratio x1/x2. If the sign is negative, then a sign change has occurred. 
PROBLEM 3 (20 pts)  In Example 1.4 the random variable 
[image: image5.wmf])

,

(

2

1

X

X

 corresponded to the action of determining whether the patient’s pulse was normal 
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. Similarly, normal blood pressure was indicated by 
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, and abnormal blood pressure by 
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. But often a patient may desire to have specific values for these measurements. 

(a) (10 pts) Let 
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 denote the action of measuring the pulse or heart rate. Describe the sample space for this random variable. But- THINK! Would your doctor ever tell you that your pulse was 73.4 beats per minute? And think a little more. Would the nurse measure the number of heart beats over a one minute duration? Or might she/he measure it over, say, a ten second period, and then multiply that number by six to estimate the number of beats per minute? These questions should cause you to make some assumptions related to your specification of an appropriate sample space. Assume the nurse feels the patient’s pulse for 10 seconds. Then the sample space for the reported BPM rate will be {0, 6, 12, 18, …∞}. I chose ∞ because I have no idea how high a puls rate can be.
(b) (10 pts) Measurement of blood pressure involves two measurements: the systolic and diastolic blood pressures. The systolic blood pressure (SBP)is the highest pressure generated, and occurs when the heart contracts. The diastolic blood pressure (DBP) is the lowest blood pressure over a heart beat cycle, and occurs when the heart is relaxed. Let 
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 denote the 2-D random variable corresponding to the action of measuring blood pressure. Identify a sample space corresponding to this random variable. I know that my numbers are typically around 110/70, and that some people have very high and very low numbers. But since, as in (a), I have no reall idea, I will specify the sample space { (z1 , z2 ) | each zk is a non-negative integer }. 
1.4 (15 pts) Airport security has increased by orders of magnitude since the September 11, 2001 bombing of the World Trade Center. At the departure gate travelers are selected in a supposedly random fashion for further inspection. But is it really random? Or, are the traveler’s apparent race (R), ethnic background (E) or dress (D) factors used in the selection process? Use these three factors to construct a random variable that can be used as a basis for investigation of the selection procedure. Note that a factor such as race may be identified simply as a binary variable; that is, assigned a value of zero if the race is not listed as suspicious, or one if it is. Alternatively, it could take on more values related to races classified as more or less suspicious. Construct a sample space for your 4-dimensional random variable, which includes measurement of your three factor variables, and your action of deciding whether the person is suspicious or not. My choices are:
Race (R):  Caucasian, Non-Caucasian ; Ethnic (E): Non-Arab, Arab; Dress (D):  Not well-dressed , Well-dressed. The response variable, X, has two levels: do not search, and search. For each variable, let the first item be 0 and the second be 1. Thus, my 4-D random variable (R, E, D, X) has the sample space {(r,e,d,x) | each element takes on either the value 0 or the value 1}.
1.5 (20 pts) In order to use computer software to analyze text associated with hard documents, it is necessary to first scan the document into the computer. The following discussion about scanners was taken from the web site http://www.pcwebopaedia.com/TERM/O/optical_scanner.htm A scanner is a device that can read text or illustrations printed on paper and translate the information into a form the computer can use. A scanner works by digitizing an image; that is, by dividing it into a grid of boxes or dots. Each box or dot is assigned a numerical value. If a dot is characterized by only a single bit of resolution, this value can be only either a zero or a one, depending on whether the box is filled in. For color and gray scaling, the same principle applies, but each box is then represented by up to 24 bits. 

(a) (8 pts) Let X denote the random variable that is the measurement of the value of a box or dot. Identify the sample space for X for each of the following cases: (i) 1-bit, (ii) 2-bit, (iii) 3-bit, and (iv) 4-bit resolution. A number represented by n bits can take on 2n non-negative values; call these values the integers 0, 1, …, m-1 where m=2n. Hence, the sample spaces for the above resolutions are {0,1}, {0,1,2,3}, {0,1,…,7} and {0,1,…,15}, respectively.
Remark: bit depth: The number of bits used to represent each dot or pixel. The greater the bit depth, the more colors or grayscales can be represented. For example, a 24-bit color scanner can represent 2 to the 24th power (16.7 million) colors. Note, however, that a large color range is useless if the CCD arrays are capable of detecting only a small number of distinct colors. 

(b) (2 pts) Based on your answer in (a), speculate on the size of the sample space for the case of n-bit resolution. The answer was given in (a). It is Sn =  {0,1,…,m-1} where m=2n.
(c) (3 pts) The resulting matrix of bits, called a bit map, can then be stored in a file, displayed on a screen, and manipulated by programs. Remark: resolution: The denser the bit map, the higher the resolution. Typically, scanners support resolutions of from 72 to 600 dots per square inch (dpi). Suppose the scanner is designed to scan letter size (i.e. 8 ½ x 11 inch) documents. Define the random variable that corresponds to the action of making a scan. Make sure that you make a connection between this high-dimensional random variable and scalar-valued ones of the type in part (a). A document of this size has a total of 92 in.2 (assuming margins are scanned). If we assume the scanner resolution is 600 dots/in.2, then the total number of dots is 92x600=25,500. Hence, the random variable for a page scan is X = (X1, X2, …, X25500). For a dot with n bits of resolution, each Xk will have the sample space given in (b). Hence, the sample space for X is SX = { (x1, x2, …,x25500)  | each xk takes on a value from Sn }.
(d) (2 pts) Optical scanners do not distinguish text from illustrations; they represent all images as bit maps. Therefore, you cannot directly edit text that has been scanned. To edit text read by an optical scanner, you need an optical character recognition (OCR ) system to translate the image into ASCII characters. Most optical scanners sold today come with OCR packages. In this part, let’s only consider translation of a single character. Suppose that the OCR system is able to automatically identify the text size, or font. As 12-point font. Define the random variable that corresponds to identifying a specified character or letter. (You may assume that the width and height of the region containing the letter are equal; that is, that letters are enclosed in square regions, the height of which equals the font height.) Suppose that the area of a character is 0.2 x 0.2 = 0.04 in.2. For a scanner with 600 dpi, this area includes 24 dots. The corresponding 24 random variables will be a subset of X given in (c). Call this variable y=(y1, … , y24). However, without detailed knowledge of their order, one cannot determine which ones they are. For a specified character, c=(c1, … , c24) each 0.04 in2 of the document must be compared against it. If y=c, then we will translate that area to the character c.
(e) (2 pts) Finally, we address the translation of the variable in (d) into one of 26 possible letters (We will ignore punctuation, capital versus small lettering, and other issues.) Define a random variable and its associated sample space corresponding to the action of deciding which letter is chosen. From (d) we have the random character variable C=(C1, … , C24). For a 26-character alphabet, the sample space for C can be expressed as {1,2, …, 26} where we have identified numbers with chosen letters. 
(f) (2 pts) Summarize the procedure of scanning a text document, beginning with dots, proceeding to square regions associated with letters, and finally, arriving at text. You may show this in a “flow chart” fashion, if you wish. This flow chart should highlight the connections between the various types of random variables addressed above. I will use successive steps instead of a flowchart:
Step 1: Obtain bit map of the document (i.e. the values of all of the dots).

Step 2: For each of the 26 letters, sweep the corresponding 24-dot template across the entire document to detect its presence.

Remark. I believe that I have sufficiently clarified the connections between the random variables. What is not clear is how many comparisons will be made for each letter. This can be computed, but I will not take the time to do it. Suffice to say, it will be a large number.
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