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                   General Equations of Unsteady Motion
                     [The following notes are related to Chapter 3 of Nelson.]
3.2 Derivation of the Rigid Body Equations of Motion
In these note we will not repeat the development of these equations. Instead, we will simply clearly define the many variables that comprise them. In the plane-body coordinate system we have:
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The development in section 3.2 yields the final important moment equations:
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3.3 Variables that Relate the Aircraft Body to the Earth (the Euler Angles)
The above equations of motion were derived for a moving coordinate system fixed to the plane. 

The orientation of FB relative to FE is given by a series of three ordered rotations:
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The following is a picture of the first rotation:
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The matrix 
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[Note: There is a sign error in the leftmost equation of (3.27) on p.102.]
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Equations (1) result in:
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Taking the time derivative of (2) gives:
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Equations (2) and (3.30) relate the plane body position and velocity to its position and velocity referenced to the earth coordinates, when one is given the Euler angles [image: image32.wmf])
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, which are the roll, pitch, and yaw angles.
In the same manner that (2) was arrived at, using Figure 3.3 on p.102 we can arrive at:
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Hence,                            
[image: image34.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

=

ú

ú

ú

û

ù

ê

ê

ê

ë

é

ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

=

ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

r

q

p

r

q

p

C

S

S

S

C

C

S

1

sec

sec

0

tan

tan

1

Q

q

q

q

q

y

q

f

f

f

q

f

f

f

f

&

&

&

.
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Equation (3.31) is a first order nonlinear differential equation that can be numerically integrated to obtain [image: image35.wmf])
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3.4 Gravitational and Thrust Forces and Related Moments
This material is given on pp. 103-104 of Nelson.  
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The propulsion system forces and moments are denoted using the subscript ‘p’ in Table 3.1 below.
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Table 3.1 Summary of kinematic and dynamic equations
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moment equations
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3.5 Small Disturbance Theory
Notation: The reference value of a variable, say, 
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Definition 1. The reference flight condition (relative to the stability axes) for an aircraft is defined as symmetric flight with no angular velocity. Mathematically, this condition is:
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The X-Force Equation-
From Table 3.1 we have:                 
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Hence,                                               
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Equation (3.44) show that a small change in the X force is related to a small change elevation, 
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or,                                         
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Equating (3.44) and (3.45) gives: 
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The following table includes the linearized rigid body equations of motion.
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3.6 The Force and Moment Equations
The equations in Table 3.2 above include the force and moment derivatives. In this section, we look at these derivatives in greater detail. Prior to doing that, it is expedient to scale those derivatives, so that they are dimensionless. Recall that, given a force, X, we can scale it by QS, which also has units of force, so that 
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From (3.51) we have:      
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3.6.1 Derivatives Due to Change in Forward Speed
Change in X-
The main forces that influence forward speed are drag and thrust. Write:
Nelson then claims that (3.55) can be written as:
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Remark 1.  I personally do not see how this follows. You might recall that the drag force coefficient is: 
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Next, note that:         
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as I had presumed. This is important because the author’s definition entails a presumed 
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. One would reasonably expect this to be the equilibrium (steady level flight) condition. However, it need not be a level flight equilibrium. 
Scaling (3.56) as was done in (3.51) gives:
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(3.57)

The term 
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Remark 2. Nelson notes that the approximation 
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is valid for gliding flight and for jet-powered aircraft. For variable propellor pitch and piston engine aircraft it is approximated as 
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 But if this is true, then the thrust influence is in the SAME direction as the drag. The coefficient 
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 is POSITIVE. Its direction is accounted for by the negative sign in front of it. For the NAVION plane we have 
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QUESTION: Why is Xu so important NOW- when we are completing the study of the phugoid mode in Chapter 4?
Change in Z and M-
In a manner similar to (3.57) we have:                       
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where 
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can be approximated as:         
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The pitch moment due to a small change in forward speed is given as:
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Remark 3. It appears to me that (3.69) is missing a factor of 0.5. 
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