LECTURE 2 Second order Systems (Updated 1/15/2019)

In this set of notes we address the properties of the second order, constant coefficient differential equation:

a,y+a y+ay=b fM)+b ) ;y0)=y, & y(0)=v,. (1)

This equation describes the relation between an input f(t) and an output y(t). We will restrict our attention to the
solution of (1) via Laplace transforms. Furthermore, we will assume here that all initial conditions are zero. The
reader will address the case in which they are not in the homework problems. Taking the Laplace transform of (1),
we obtain: (a,s® +a,s+a,)Y (s) = (s +b,)F(s) . It follows that the system transfer function is:

H (S)i Y(S) _ E)ls + b(J . (2)
F(s) as”+as+a,
For any input f (t)the solution of (1) under zero initial conditions is, in the s-domain, Y (s) = H(s)F(s).

The Unit Impulse Response of a Second Order System: For f (t) = 5(t) we have Y (s) = H(s). Notice that the
units of (2) is the ratio of the output to the input. Hence, while Y (s) = H(s) is mathematically correct, one must
note that the units of Y (s) = H(s)as the solution for a unit impulse are those of the output. This relation is of such
fundamental importance that we highlight it as

An Important Result- The system impulse response and transfer function constitute a Laplace transform pair.
Even so, the transfer function units are those of the output divided by those of the input, while the impulse
response units are those of the output alone.

The system (2) is a stable system if the impulse response h(t) — Oas t — oo . This requires that the two roots of
the characteristic polynomial A(s) = a,s” +a,s + a,both be in the Left Half Plane (LHP). A first order system has

only one root, and it must be a real number. In contrast, a second order system can have either (i) two real roots,
or (ii) a pair of complex-conjugate roots. We now consider these two cases. Furthermore, we will assume that the
system is stable.

Case 1 The roots of A(s)=a,s*+a,s+a, are real: Here, we will assume that the two real roots are not equal.
2S” Tas+a,

The reader will address the case where they are equal in the homework problems. The roots of
A(s) = a,5” + a,;s + a, are the values of s that make it zero. We will express this as:

0=a,s°+as+a, =s*+(a,/a,)s+(a,/a,) i(s+a)1)(s+a)2) : (3)

The roots are s, = -m,and s, = —w, . Stability requires that both roots be real and negative, and so the parameters

w, and @, are positive real numbers. Furthermore, they are the inverses of the system time constants, 7, =1/ @,
and z, =1/ w, . In this case, the system transfer function (2) becomes:

H(s):i-( AL, j:i-( s, B j @

a, \+o)s+w)) a ((+a)s+w,) (+a)(s+aw,)

To obtain the system impulse response associated with (4), we need the following Laplace table entries:

#3; _ b-a  a_ vt and w16 _ SO=a)  pengat
(s+a)(s+bh) (s+a)(s+hb)
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Note that since multiplication by s in the Laplace domain is equivalent to taking the derivative in the time domain.
Hence, #16 should be readily obvious from #13. We now have the denominator of Hs) in the appropriate form
for both #13 and #16, but we have a ways to go. Using #13, the far right termin (4) is :
b, :( by J. w, — @ < ( by j.(e(tﬁt _e ).
(s+@)(s+w,) w, — @, (s+a)(s+w,) w, — @,
Using #16, the other term is:

b;s _ b, . (@, —wy)s PN —b o (we ™ —we ™).
(s+w)(s+w,) w,—o, ) (S+m)(s+w,) w, — o, ' 2

Hence, h(t) = ; [bO (e—wlt _ e—wzt) . bl(a)le_‘”lt . a)ze—zuzt)] ]
a, (v, — )

1

This can be rearranged as: h(t) = ————
a, (w, — )

[(6, —bw)e ™ + (bew, —by)e']. (5)

And so, we see that the system impulse response is the sum of two decaying exponential functions. The relative
contribution of each one will be determined both by which one decays slower and by the relative weights. Often,
it is presumed that the slower one will dominate the shape of (5). However, if the faster one has a much larger
weight, then this will not be the case. The nice thing about having (5) is that it shows you the exact nature of the

A A
weights: d,=(b, —bw,) and q,=(bw,—b,). (6)

Conclusion: A second order system whose characteristic polynomial as negative real roots has an impulse
response that is the sum of two decaying exponentials whose relative weights are given by (6).

Definition 1. A second order stable system having two real roots is called an overdamped system. If the roots are
real and equal, it is called a critically damped system. If the roots are a complex-conjugate pair, then it is called an
underdamped system.

Case 2 The roots of A(s) =a,s” +a,s+a, are a complex conjugate pair: Recall from the ‘assumed solution’
technique that for a second order system, the complementary (not complimentary! ) solution has the form
y,(t) =C,e* +C,e* . Suppose that s, = o +iw, and that s, = O'—ia)i§l. Since Y, (t) 1s areal-valued function of
time, we must then have C, =C,. Write C, =|C|e". Then: y_(t) =/ C|e”' (€'’ +e 7)) =2|C|e”" cos(wt + ¢) .

In words, this solution will oscillate at frequency w, and decay exponentially if o <O [i.e. if the system poles are
in the proper Left Half Plane (LHP)].

A ‘mantra’ for AERE331: The characteristic polynomial for an underdamped second order system can always be
written as p(s) =S’ +2{@,S+ @} .

Example 1. Consider the system described by the following differential equation:

y+0.1y+25y=f(t) ;y(0)=y, y(0)=V,
(a) Give the system transfer function.
Y(s) 2 1

Answer: 3/ _G (s)=———~
F(s) ° s +0.1s+ 25



(b) Without actually computing the system poles [i.e. the roots of the polynomial p(s) = s?+0.1s+25 ]
determine whether the system is overdamped or underdamped:

Answer: Recall that, from the quadratic formula, the roots will be complex, if “b? < 4ac”. In relation to p(s) we
have 0.12 =0.01 << 4(1)(25) =100. Hence, the poles are complex, and hence the system is underdamped.

(c) You should have found that the system poles are complex. Rather than using the quadratic formula to
compute them, recall (see the above ‘mantra’) that for a second order underdamped system,

p(s) =s’ +2¢w s+’ . Use the method of equating coefficients to find the undamped natural frequency, @, , and
then the damping ratio, £
Solution: p(s)=s’+2¢m s+’ =s"+025+25 = w, =5 = 2{w,=2{(5)=01 = ¢ =0.01.

(d) Compute the system damped natural frequency, time constant, settling time, percent overshoot, rise time, and
static gain. [For the following quantities, see the discussion in the book.]

A
Solution: m, =w, \/1— i 5v1—10"* = 5rad/sec Tii _ 1 20 Sec.
o, 0.01(5)
The 4-1 settling time is t, =80sec : M —e 7¢N1¢* ~ g=7¢ _ 0017 ~ 9. 97 or 97%.

P

The rise time is t _2_18 ~ 0.36 Sec. The static gainis G ,(s=0)=1/25=0.04
"Tw 5

n

(e) Use the unit step response plot to verify the information in part (d).
Solution: To obtain the step response using Matlab, we first define the system transfer function:

Step Response

0.08

>> sztf(l,[l A 25]) 0.07
>>Transfer function: ooe
1 0.05
SA2 + 0.1 S + 25 0.04 ‘ nUnUnUA\]AVA\IA\AA\/A\IA\/ \/\1
To get the unit step response for this system, we type °-°2
>> step(Gp) 001 ||
You should be able to use the data cursor to verify the ’ . " Time seconds) " -
information in (d). Figure 2.1 Plant unit step response.
(f) Plot the plant FRF using the Matlab cornmand ‘bode(sys). . 75?53?2;?’(?;/_5;;2 Bode Diagram
Solution: g i) - 1 BN s s e e £ St S e SR ,
(i®)? +01(iw)+25 (25— )+I(0.1a)) Sl /\\
Let G, (iw) = M (w)e'*™ where the magnitude 2 o] syetem: o g M
© Frequency (rad/s): 1.03 “"\xx
1 i = 60 Magnitude (dB): -27.6 \\\
M = Wlth M (a)) = ZOIOg [M (60)] -80
(@) \/ (25— ) +(0.10)’ ® . g
S 451 |
and the phase 9(0)) _ —ataﬂ[Ola)/(25—a)2)] fOI’a)<5 . '%;, o ‘
7 —atan[0.1w/(w? — 25)] for @ >5 £ . k

10° 10" 102
Frequency (rad/s)

Figure 2.2 Plant FRF.



(9) The plant low frequency gain is ~ -27.6dB. The amplification at resonance is approximately 5.72 — (-27.6)
=33.32 dB (i.e. M=46.345). Hence, for a sinusoidal input with unity amplitude and frequency 5 rad/sec, the plant
steady state response will be a sinusoid at the same frequency, but with amplification (re: low frequency, or static
gain) of almost 50!!! [i.e. the plant will resonate]. From the above FRF, we see that the response level at
resonance is about 5.72dB or h 1.93. Use the Matlab ‘Isim’ command to verify that, for an input

f (t) =sin(5t) the steady state output will be y(t) =1.93sin(5t—7z/2).

Solution: The commands are: >> t=0:.01:150; >> f=sin(5*t); >> y=Isim(Gp,f,t); >> plot(t,f) >> hold on >>

plot(t y,'r)

fﬁ/\yfﬁwﬂx/
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Figure 2.3 Sinusoidal input (blue) and response (red).
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Example 2 [This and the following example are from Sherman’s AERE355 Ch.4 notes]

It is desired to develop a test rig for estimating the pitching lift derivative coefficient, C, , for horizontal tail

designs. The beginning of this development is shown below.
cg of plate W —3lb
tube assembly P

- c=0.167"%
low friction -~

bearing

counter

weig
(BaIIZNA

Figure 4.9 of Nelson Rod-plate assembly constraine € pitching motion.

(a) Development of the equation of angular motion:
We begin with: M. <ld = (@j M) . (E1.1)
> M, =160 Oa + 2 0q
Note #1: Since the cg of the test rig is constrained, the angle of attack, « , and the pitch angle, @, are one and the
same. Hence, o =0 and q=0.
Note #2: Let (anxl and g 2(M) 1.
oa I, lag ), I,

From these notes, (E1.1) can be written as:

6-M,0-M_0=0. (E1.2)

(b) Development of the relation between (M, M )and C



M(a)=-I X(CLaa)x(%pugs) = M, iw =-C_ (%puéSlj/ 1, (E1.3a)

Recall that tana = ql/u,, so that for small o, we have o = gl/u,. Hence,

wa-t{e g ims) = wi (), e
From (E1.3a-b) we obtain: M, = (UL] M, . (E1.3¢c)
Substituting (E1.3c) into (E1.2) gives: 0
é—U—JMﬁ—MﬁzO- (E1.4)
0

(c) Relation between M, and the transient response associated with (E1.4):
[Subtitled: How many different way can we estimate CLa ?]

We know that the transient response associated with (4) will be decaying and oscillatory. Hence, we can write the
left side of (E1.4) as:

.. . A .. .
9+(|—jMa9+ MO = O+2cw,0+a0- (E1.5a)
uO
From (E1.5a), we have: @, =M, . (E1.5b)
] I i< Mivacs
We also have: | — M =| — |&} = 25, This gives: c=ayl/2uy =M, [2u,. (E1.5c)
uO uO
. . 1 2u,
Also, the system time constant is: r = =—2,
so, M,
Now, the transient response associated with (E1.5a) has the form:
O(t) =6, e ™ sin(w,t + ) (E1.6a)

where the pair of constants (6,,@,) will depend on the type of specified initial conditions . The initial conditions

A
are not as important as the nature of the response (E1.6a). If we define 7=1/ga®,, then (E1.6a) becomes:
Ot) =6, e™"'"sin(w,t +¢,). (E1.6h)
The parameter 7 is called the time constant associated with (E1.5a). This gives rise to one method for estimating
C_ from the transient response measurement.

Method 1. Ignore the oscillations and use only the decay envelope &, eV7: Atatime t = 7, this envelope will

equal 6, elx 0.376,. And so, to estimate t = 7, we sketch an exponential envelope on the decaying oscillatory
response, and find the time at which this envelope is ~37% of its peak value. Having this estimate, call it 7, we

then note that
2
1L M, =C, PUS| )
T 2UO “ 4|y

-1
~ _ 2
And so, our estimate of the magnitude of C, ,callit C_is: C_ =[&J %
"o 124 z—




Method 2. Ignore the envelope and use only the oscillation frequency: The oscillation frequency, @, , of the
decaying response (E1.6) is: @, = a)n\/?. From (E1.5b) and (E1.5c) this becomes:

@y = \/M_am
And so, for an estimate of a, , call it c?)d , this equation provides an estimate of M, call it I\ﬁa . That estimate

and (E1.3a) results in the desired estimate of C, , call it éLa

Method 3. Use both decay and oscillation frequency information: This method is best described using a plot of
(E1.6): [This is called the modified log-decrement method.]

Plot of Initial Condition Response
Plot of Initial Condition Response
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Figure 1. Initial condition response for @, =2z and ¢ =0.01.

The plot on the right in figure 1 shows that for t, =10sec, (t,) =5.4°, and for t, = 20 sec, O(t,) =3°. The
duration, t, —t, between these times is 20 sec., but it is also 10 cycles (or periods), where one period is

T =27lw, =27lw,\J1-¢? . Hence, t, —t, = 207/ w,\J1-¢° .
Now, from (6a), we have 6(t,) = g, e**" and O(t,) = 6, e*“". And so:

o(t,) _ g e _ asonlito) _ e20/rg/\/§.
H(t ) g sl

Define 6= g/wll ¢? . Then we have s — (e(t )J/goﬂ In(5.4/3)/ 207 = 0.0094- From the definition of &, we
o)

have ¢ = 8/v/1—5% . And so, our estimate & = 0.0094 gives: ¢ = 0.0094 . This estimate is close to the true
value ¢ =0.01, and it would have been closer, had we not used visually-based estimates of &(t,)and &(t,) .

Finally, we can use (E1.3a), (E1.5b) and (E1.5c¢) to obtain: C:L = (SLSYIJ c2.
RV

Notice that in this method it is not necessary to measure Uy, since the above estimate does not involve it. This can
offer a significant advantage over other methods, both in terms of accuracy and equipment.

(d) Use of the setup in Figure 4.9 to validate the experimental design: Now that we know how to use the
transient response, (6) to estimate the lift coefficient derivative for a given tail design, it is necessary to validate
the experimental setup illustrated in Figure 4.9. In that design, we are assuming that the cross-bar bearing friction
is negligible. We will also assume that the tube that supports the tail is completely rigid, and that its aerodynamic
influence is negligible. Finally, we will assume that we have perfect measurements of the geometric and mass
guantities described in that figure. By using a flat plate with known lift properties, we can compute the theoretical

value for C, . If the experimentally measured transient response matches our theoretical prediction reasonably

well, then we can assume that we have a valid setup. We will now proceed to compute the theoretical value for
C_ from the given numerical information.
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The moment of inertia, 1,: From the parallel axis theorem, we have: =1, +mpI2 .The moment of inertia of the
flat plate about its cg, and the moment of the plate about the setup cg are:
3 2 -5 2 _
I, = (1/12) pbtc® = (1/12)(W, / g)c* = 2.16x10°slug — ft* & m I* =W, /g)I* =9.3x10slug — ft*.
Hence, |{P**) =9.32x107*slug — ft*. We also have |{®"*% = 4.60x10"*slug - ft*. Hence, the moment of inertia of

the entire system is: 1, =1.4x10?slug — ft*.

Numerical values for M, and My:
For an infinite flat plate, we have C) = 2z /rad . For a finite plate with aspect ratio, AR, the lift coefficient

derivative is: C.= Cff) /[1+qf> I(z AR)]. Since AR=6, we have C, =4.7/rad
Using these highlighted results and equations (3), we obtain: M, =-36.1/s? and M, =-1.38/s

Hence, (2) becomes: 6 +1.380+36.19 = 0. It follows the theoretical values for @,and ¢ are:
o, =6.0 rad/secand ¢ =0.038. If we give this plate an initial angular displacement, ¢, =10°, then we should
expect the experimentally measured transient response to be similar to the plot below.

Plot of Initial Condition Response
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Figure 2. Expected description of the experimentally measured transient response of the flat plat to an initial
angular displacement of 10°. o

Example 3 [Related to Nelson EXAMPLE PROBLEM 5.2 on p.190] For a plane constrained to pure yawing,
we have:
Ay — NAy + N Ay = N;AS,. (5.23).

Write this as: Ay + 2oNy + oAy = N,AS,
We are given: N, =C, (QSb/1,)=w; and N, =C, [(b/2u,)QSb/1,]=2¢w, . Hence,

o, =,/N, ,and C:—O.Ser‘/Nﬂ . [See bottom of p.192.]

What the author does not do, we will do now; namely to understand the specific parameters that control the
dynamics. Recall that Q = 0.5puZ . Hence:

C, 1 ,
@, =U, [05Cnﬁp5b/|2) ) CZ—OSFﬂpr/lZ and TZEZN—ZW

g



So, as the plane speed increases, o, increases, r decreases, and ¢ is not affected.

QUESTION: Why is this information valuable to a pilot?

ANSWER: One reason is obvious. At higher speeds the plane lateral dynamics will be faster (i.e. 7 is small).
Hence, it will be more difficult for the pilot (who has relatively slow dynamics) to accommodate the plane
dynamics. If this happens, the pilot could reduce his speed to better accommodate these dynamics. Another reason
is that planes often fly through spatial turbulence. The frequencies of the temporal turbulence are directly
proportional to u,. Suppose that the wing has a low-damped structural resonance at a frequency @, Ifata

given speed, the frequency @, is close to the frequency a, , a cross-coupling of these two resonances could
occur; making for a very difficult situation.

Now: C, =C, +n\V,(+do/dB)C,_and C, =-2nV,(l,/b)C__,where V,=S,],/Sb.

Clearly, there are many variables, in addition to u,, that affect the lateral dynamics. For example, what would
happen if a portion of the vertical tail were to break off? This would reduce the values of C,_ , V, (via reduction of

both S,and 1,), and |, (directly). Both C, and C, would be reduced in magnitude. Consequently, o, would
decrease and 7 would increase. What would happen to £ is a more complicated question.

In summary, the question of just how the various parameters influence the flight dynamics is a rich and
complicated one. But it is a question that is well-posed in the context of the subject of flight dynamics and
control. O

[NOTE: I will not cover the specific questions related to EXAMPLE PROBLEM 5.2 in class. They are included

below. Feel free to go through it on your own. I included it to give students interested in flight dynamics further

insight into the topic. We may well return to it when we address state space models later in this course.] Suppose
an airplane is constrained to a pure yawing motion. Use the data for the general aviation airplane in Appendix B,
determine the following quantities:

(a) The yaw moment equation written in state space form.

(b) The characteristic equation and eigenvalues for the system.

(c) The damping ratio, ¢, and undamped natural frequency, @, .
(d) The response of the plane to a 5° rudder input. Assume initial conditions are: AB(0) = Ar(0) =0.

Solution: The solution that follows is taken directly from pp.189-191 of Nelson: From p.189 we have

Ay + (N,-N)Ay + NAy = N AS,. (5.23)
ﬁ r

For a sea level flight condition, the weathercock stability coefficient, the yaw damping coefficient, and the rudder
control power coefficient have, respectively, the following values:
c, =0071/r ; C, =-0125/r ; C, =-0.072/r.

ns,
[The derivative c_ is not included in the appendix, and will be assumed to be zero ]

B
A
For u, =176 ft/s, the dynamic pressure at sea level is: Q =0.5pu? =36.8 Ib/ ft°.

The plane geometry parameters include: S =184 ft* ; b=334 ft ; 1, =3530slug- ft*.
These values result in the following dimensional derivative values:



N, =C, (QSb/1,)=455/s* ; N, =C, [(b/2u,)QSb/1,]=-0.76/s; N, =C, (QSb/I,)=-4.6/s’

Substituting these into (5.23) gives:
Ay + 0.76Ay + 455Ay = —4.6A0,. Q)
We are now in a position to solve parts (a-d).

(a) The yaw moment equation written in state space form.
Solution: Recall that the state space form is: X = AX+ Bu. In relation to (1) above, this will be a 2-D system.

Hence, X(t) =[x, (t) X, (t)]" We know that one state, say, X, (t), will be Aw(t).We also know that, since the
plane is constrained to pure yawing, Ay (t) = Ar(t). And so, let X, (t) = Ar(t) . From (1) we have:
Ar + 0.76Ar + 455Ay = -4.6A6,.And so, we arrive at:

AF -0.76 —455( Ar -4.6
= + A6, -
Ay 1 0 Ay 0
(b) The characteristic equation and eigenvalues for the system.
Solution: The characteristic polynomial is simply: p(s)=s®* + 0.76s + 4.55. The eigenvalues of

{— 0.76 —4.55
A =

L 0 } are obtained via Matlab:

> A=[-.76 -4.55; 1 0];
> eig(A)
ans =
-0.3800 + 2.0990i
-0.3800 - 2.0990i

They can also be obtained via:

> p=[1.76 4.55];

> roots(p)

ans =
-0.3800 + 2.0990i
-0.3800 - 2.0990i

(c) The damping ratio, ¢, and undamped natural frequency, @, .
Solution: These are easily computed: o, =2.13r/s ; ¢=0.178

(d) The response of the plane to a 5° rudder input. Assume initial conditions are: AB(0) = Ar(0) = 0.
Solution: A homework problem? O



