FORMULA SHEET (Module 1)

Motor model (Inputs: V,,,, T4; Outputs: w,,, I,): Viy = Ryl + Lmd;—m + Vemss Vems = kym@p (1 + Trwrm)
Jeq ™o = Tyy = Taj Trn = kee(ln — 1) = ke[l — Iy sgn(wm) — L, — Lw?]; Simplified: w,, = ;(’;m V. + Td)
]eq5+_m m

LSE: Yy = Ay0 = 0y = (4% AN) A%
]
Yo a;y(k —j) =¥jobju(k —j),and WLOG ay =1 = y(k) = [-y(k = 1) ... — y(k —n) u(k) ..u(k — n)]l ‘
bn

rT (k)

l[}’(n)]l [ —yn—-1) ... —y(0) u(n) ... u(0) 1 [ .1}
: | : | :
Collectn<k<N= |y(k) | | —yk—=1) .. —ylk—n) uk) .. ulk—n) | |a'n|
Lol leyav-—n o —yvm wny o owv -l
Yy Hy ]

=0 = (H5Hy) 'HLY,
LTE: y(6) = [, h(t = Du(@)dt = h(t) *u(t) © HESU(S) = USH () © u®) * h(©) = [, u(t - Dh(D)dr
ZOH discretization: G(z) = Z[H,,,(s)G(s)] = Z[ = G(S)] =(1-zH2 [@]

- . e 2z-1 1+
Bilinear discretization: s ~ -—— & z ~ —&
T z+1 1_?
Poles, p = 0 + jw =Time const, T_|1|=|Re(p)| Osc. freq, w=Im(p); Nat. freq, w,=Vo? + w?; Damping ratio, { = —0/w,
. —(p1+p2)
Note for a quadratic char. polynomial with poles at v, p,: W2 = ; ( = ——==
q poly p P12 Wn = P1P2; § = =

—w,({+ (Y1-0%); (< 1)

= Poles: { —wy; @=1

—wn(§ /2 =1); €>1)
/72— 2_
Simple real poles, ie, over-damped & {>1:1 — (%) e(_(”{z_l)w"t (‘2{ = (> (~¢—VT-1)wnt
Repeated real poles, ie, critically-damped & {=1: 1 — e~ ®7t (1 + w,t)

omplex pair of poles, ie, under-damped < {<1:1 — e?t[sin(wt + cos ' O)]; (0 = —(w,; w = J1 - Cw,
Complex pair of poles, ie, under-damped < {<1: 1 Jll__(zﬂf['( 10)] ¢ 1-¢2
Peak overshoot e ™/V1~¢* @ half time-period, % =

wh
! 2420 wpstwl

2"d-order TF

— -1
; Rise time (time to reach 1): mocos ¢

_t
wn/1-72
Settling time (3-5 time-const): - i - (5%); wi{ (2%); w% (1%); BW: w,, \/ [(1—2¢2) + /4% — 4% + 2];

Bode peak (@ /T—20)= 22— (@w, = 3); Phase (@upy/1— 207)=—tan™! (Vl % )(@ = —90°)

Phase-margin, ||LL(ng)| - n| =tan~! 2 ; Gain-margin, (L(jwp))| =
V4g4+1-272
s-domain ez = _ . —n ~ N[ R@_
1im5[ R(S) S]S z-domain eg lzlir%(z 1) [1+L(z)
; so0 L1+L(s)
N = 0 (step-input) = R(s) = Sor R(z) = szl 1 — 1 1 — 1
1+lirr(}L(s)_1+K05 1+1irr11L(z)_1+KOZ
s PN
N N

N>0=>R(s)=0 (N+1)orR(z) (T—N) ;Ei r :i

ot limsVL(s) =~ Ky li DVL(z) ~ KZ

lim f im(z- D'L(2) K}

Type = N = eg, = 1/(1 + Ky) and 1/Ky resp., for 0(t°) and 0(t") inputs;

Type >N = e, = 0 A Type < N = ey, = o for 0(t") inputs;

Char. eq: y(s) = num(1 + L(s)) = num(L(s)) + den(L(s))

ZN Tuning of PID: K,, = 0.6K,, K; = 1. zﬁ-KD = .075K,T,

BIBO Stable & f |h(t)|dt < 0 & All poles in LHP or if on imaginary-axis then non-repeating
Internally Stable < All eigenvalues in LHP (asymp. stable) or if on imaginary-axis then grade-1



FORMULA SHEET (Module 2)
Lagrangian: L = KE — PE; ara: o = F; OR 7; (when g; is linear OR angular position)

i
Linearization: x(t) = f(x(t), u(t), t) y(t) = h(x(t),u(t),t) is at equilibrium at x* if Ju*(t): f (x*, u*(t),t) = 0. The linearized
system matrices at the equilibrium are given by:

[0h .. Ohj o . A
0xq Oxn ouq oum
A(t) = i i | B(@)= =l: -~ i
SO |ofy Ofn X*u*@ O fn 3 fn
L0 xq Oxp Lou, dum
[0, M [0, M
0xq Oxp ouq 6um|
C(t : . L D(t : . H
® = x* *(t) an dh ©= x* *(t) an oh |

Lox 0xy Lou, Oum
Transfer function: G(s]) = Gsp(svj + G (), with G, (s) = C(sl —A) B and G(x) =

. _Y(S) _ bps™+.tby by _qS"14.4b) bn
State-space: G(s) = US) ~ ansitorag  shtal,_on it tal + , its companion form state-space realization is:
0 1 -« - 0 0
1 e
a= 9 0L 1 | B=|% c=b b .. biyl D= [ .
—ap—ag . —a5_q 1
State-eq solution: x(t) = e“tx(0) +f eAt=DByu(1) dt, where e4t & (sl — A)~!

State change: z(t) = Px(t) = A = P~ 1AP B=P'B;C=cpP; D=D.

Control input for steering initial state to final state: u(t) = —BTeA (tr - t)l/l/'c‘l(tf)[eAtfx(O) — x(tf)], where t; > 0 is the final

time, and W,(t;) = fotfeATBBTeATTdT.

Controllability matrix: T = [B AB A%B --- A" 'B].

Map to companion form: Use similarity transform, P = TT ! (works for controllable system).

State-feedback using companion form: Given y,(s) = s™ + a,_;s""! + --- a,, and desired y4(s) = s™ + @,_;s"" ! + -+ d,. Then,

K =[(dy,—ay) (@, —ay)..(@p_1 — p_1)]and K = KP~* = K T T~* are such that

Xi-58(S) = Xa(S) = Xa—pk (S)-

Ackermann’s formula for state feedback control: K = [0 0 ... 1]T 1y, (4).

c

Observability matrix: O = :
n—-1

State Estimator/Observer: |[x = AX + Bu+ L(y — ) Ay =CX + Du] =>¢é=(A—-LC)e,wheree = x — X.

Synthesis of LT is like the synthesis of K with (4, B) replaced by (A7, CT). Once LT is found, take the transpose to get L.

Lyapunov function: It’s a positive function with negative rate: V(x — x*) > 0 AV(x — x*) < 0 AV(0) = V(0) = 0, where x* is

equilibrium.

For linear system, x = Ax, it’s equilibrium is x* = 0, and one can choose V(x — x*) = V(x) = xTPx. Then V(x) = %" Px + xTPx

xTATPx + xTPAx < 0iff ATP + PA < 0iff3Q > 0: ATP + PA = —Q and V(x) = xTPx > 0 iff P > 0 (NOTE: P > O if all its

eigenvalues are non-negative, and Q > 0 if all its eigenvalues are positive.)

Sliding mode control: For a sliding surface s = 0, consider energy function V =

1
=sTs

>V =sTs§=sT ZSJ'C =sT f(x, w). Choose u so that sgn(f(x,u)) = —sgn (sT Z—i) >V <0.

FORMULA SHEET (Module 3)
Rotation Matrix is Unitary, ie, R™! = RT Adet(R) = 1

. cosy —sinyp x;

— X
2D rotation; rotation+translation: R, (1)) = [C?S v st 1,[}] ;T (w; [Zz]) = [Sinlp cos P
0 0

t

siny cosy

-

cos@cosyp singsinfcosy —cos¢psiny cos@sinfcosy + sing siny
3D rotation: R(¢,0,¥) = R,(Y)R,, (0)R,(¢) = [cos Osiny singsinfsiny + cos¢gcosy cos¢sinbsiny — sing cosyp
—sinf sin ¢ cos 6 cos ¢ cos O

mX = (cos ¢ sin 0 cos P + sin ¢ sinp)u,

my = (cos ¢ sin 0 sin — sin ¢ cos P)u, (w1 = Kr(0f + 03 + 03 + wf)
mZ = (cos ¢ cos O)u; —mg u, = Kr(w3 — 3)
Quadcopter model: | & _ (Ly = L) 09 + [.0w = 4u, ,where: uz = Kr(0? — 0?)
.. . _ 24,2 2 2
Iyy9 ( zz xx)ll}(l) Ir¢w = £u3 Lu4 N KD (w2+w4 T (1)3)
. w=w2+w4_w1_w3
Izzlp - (lxx - yy)d)g = €u4

Quaternion,q = a +ib + jc + kd, withi? = j2 =k? = ijk = —-1= (ij =k, jk = i, ki = ) A (ji = =k, kj = —i,ik = —))
Rotate p around u by &§: p' = rpr*, with r = cosg + (uxsing) i+ (uysing j + (u,sin 5) k, where u2 + u +u; =



cos§ + u2(1 — cos 8) Uty (1 — cos §) —u,siné  u,u, (1 —coséd) +u,sind

Same rotation using R,,(6) = |u,u, (1 — cosd) + u,sind cosé + uf,(l — cos9) uyu, (1 — cosd) —u,sind
u,u, (1 —cosé) — uy sind  u,u,(1 —cosé) + u,sind cos 8 + uZ(1 — cos §)

u; = Kp Z+ K, fz+KDZ “
Up = KP¢¢+KI¢I¢+KD¢_ _ _
U —KP99+K,9f9+KD9d6

Uy _KP¢¢+KI¢I¢+KD¢ dt)

Attitude & altitude PID:

z

age - . . _ -1
Position & yaw PID = Same as above PID with: ¢; = tan (J(fcoszp+37 S

Kalman Filter:

,WhereZ:=z—2z;¢ =¢ — ;0 =60 — 059

=Y —YPy

X siny—y cosy )/\Hd — tan-! (fcoswﬂ_/sinzp)

Re(k +1) = AR, (l)AT + Ry, (k) %(k + 1) = A2 (k) + Bu(k)
Gk +1) = Ry(k + DCT[CRy(k + 1)CT + Ry(k + 1] ¢ A y(k + 1) = Cx(k + 1) + Du(k + 1)
Re(k+1) = (I -Gk + 1R,k + 1) T+ =xtk+1D)+G6k+Dytk+1) —yk +1)]

FORMULA SHEET (Module 4)

Inputs: XIC, XIO

User program providing
Hardwired circuit the same results

Outputs: OTE, Latch/Unlatch, Timer: On-delay vs Off Delay, Counter, One-shot Rising vs Falling, FIFO, DCS
PB1

—(EN

ool 3ot IO | _@H
@ OFF . _—

o] el R e

2 69

cmwcmn &Y
cs0 _( >

0
Accwnuuau.-u o BN
cs orcu

Counter enable bit

CS:0/DN

Counter done bit

Cs0ov

—] F Owerflow status bit

bBI M6 29W6 Lean|f2 €S0  The reset instruction resets
HILgMmILeq clLcnlE nest bLodisw broaqud o] —(®Es)— the counter's accumutated
value back to zero.
‘ Input 1 Input 2
I:0 ,—(}SR =1 1.0 ——OSF
0000 1 | One Shot Rising 0001 | One Shot Falling —
0 Storage Bit B3:0/0 1 Storage Bit B3:0/2
Bul.1763 Qutput Bit B3:0/1 Bul.1763 Output Bit B3:0/3
DCs
DCs EstopSafety —
— Safety Function ~ EMERGENCY STOP =01 mm
FIFO LOAD —(eN Input Type EQUIVALENT - ACTIVE HIGH
Source 1 Discrepancy Time (Msec) 250
Restart Type AUTOMATIC
(F:":C: ' e _<DN) Cold Start Type AUTOMATIC
on r: — Channel A EstopChannal&
Lengt m— (M) <Local:6:1Pt03 Data>
Position  — 14a
Channel B EstopChannale
=Local:6:.Pt04.Data=
FFU————————] 14n
FIFO UNLOAD —(EU Input Status EstopSafety.InputStatus
FIFO ] 14
Destination | —(DN) Reset RezetButton
Control [ ] UAs
Length T —(EM) EstopChannalé, EstopChannalB
Position ] =Local:6:1.Pt03.Data= =Local:5:1Pt04.Data= EstopSafety. InputStatus

Inputs: Compare with Source A and Source B (EQU, NEQ, GRT, GEQ, LES, LEQ)
Outputs: Ops with Sources/inputs & Destination/Output (MOV, ADD, SUB, MUL, DIV, MOD, SQR, SCL, SCP)
Program Controls: Output/Input pairs (JMP/LBL, JSR/RET)

Ladder logic program

_ sw
Ladder logic program —SCL
EQU—————— ADD————————— [ P-— SCALE
EQUAL F"-" ADD Source N7:0
Source A SR N72°5 100
T4:0.ACC e N7 Rate (10000) 25000

Source B s0
N7AQ Destination N7:2 Offset 127
75
Destination N7:1
377

Scale analog input

SCALE W/PARAMETERS

Input
Input Min
Input Max.
Scaled Min.
Scaled Max

Scaled Output

10
0<
4]
0<
32767
32767 <
0
0<
1000
1000 <
N7:20
0<




