
Butterworth order-M LPF with cutoff frequency 𝜔𝜔𝑐𝑐: |𝐻𝐻(𝑗𝑗𝑗𝑗)|2 = 1
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Order-M FIR filter introduces 𝑀𝑀
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 delay for desired freq response:, 𝐻𝐻𝑑𝑑�𝑒𝑒𝑗𝑗Ω� = 𝐻𝐻�𝑒𝑒𝑗𝑗Ω�𝑒𝑒−𝑗𝑗Ω𝑀𝑀/2 ↔ 𝒉𝒉𝒅𝒅[𝒏𝒏]. 
Then, 𝒉𝒉𝑭𝑭𝑭𝑭𝑭𝑭[𝒏𝒏] = 𝒉𝒉𝒅𝒅[𝒏𝒏].𝒘𝒘𝑴𝑴[𝒏𝒏], where 𝑤𝑤𝑀𝑀[𝑛𝑛] is order-𝑀𝑀 window to truncate beyond 𝑀𝑀 + 1 impulses. 

IIR filter: 𝐻𝐻(𝑗𝑗𝑗𝑗)
analog design
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𝑇𝑇 chosen using Nyquist criterion; so if max freq of interest is 𝜔𝜔0 = 2𝜋𝜋𝑓𝑓0, then 𝑇𝑇 ≤ 1
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Feedback system: forward-gain 𝐺𝐺(𝑠𝑠), open loop-gain 𝐿𝐿(𝑠𝑠) (= product of forward and feedback gains) ⇒ 

closed-loop gain, 𝑇𝑇(𝑠𝑠) = 𝐺𝐺(𝑠𝑠)
1+𝐿𝐿(𝑠𝑠)

; Model sensitivity, 
Δ𝑇𝑇
𝑇𝑇
Δ𝐺𝐺
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= 1
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; Noise sensitivity, 𝑌𝑌(𝑠𝑠)
𝑁𝑁(𝑠𝑠) |𝑋𝑋(𝑠𝑠)=0 = 1

1+𝐿𝐿(𝑠𝑠). 

Routh-Hurwitz: Analyze char. poly., 𝜒𝜒(𝑠𝑠) ≔ den�𝑇𝑇(𝑠𝑠)� = num(𝐿𝐿(𝑠𝑠)) + den(𝐿𝐿(𝑠𝑠)) ≝ ∑ 𝑎𝑎𝑘𝑘𝑠𝑠𝑘𝑘𝑛𝑛
𝑘𝑘=0 ; 

𝑠𝑠𝑛𝑛-row, 𝑘𝑘𝑡𝑡ℎ coeff: 𝛼𝛼𝑘𝑘
(𝑛𝑛) ≝ 𝑎𝑎𝑛𝑛−2𝑘𝑘; 𝑠𝑠𝑛𝑛−1-row, 𝑘𝑘𝑡𝑡ℎ coeff:  𝛼𝛼𝑘𝑘

(𝑛𝑛−1) ≝ 𝑎𝑎(𝑛𝑛−1)−2𝑘𝑘  �0 ≤ 𝑘𝑘 ≤ �𝑛𝑛+1
2
��; 

𝑠𝑠𝑗𝑗-row,𝑘𝑘𝑡𝑡ℎ coeff: 𝛼𝛼𝑘𝑘
(𝑗𝑗) ≝ 𝛼𝛼0

(𝑗𝑗+1)𝛼𝛼𝑘𝑘+1
(𝑗𝑗+2)−𝛼𝛼0

(𝑗𝑗+2)𝛼𝛼𝑘𝑘+1
(𝑗𝑗+1)

𝛼𝛼0
(𝑗𝑗+1)   �𝑛𝑛 − 2 ≥ 𝑗𝑗 ≥ 0,  0 ≤ 𝑘𝑘 ≤ �𝑗𝑗+1

2
��; 

#unstable poles = #sign-changes in 1st column of RH; row before a zero-row called auxiliary polynomial 
row; aux. poly. a factor of characteristic polynomial; 2nd degree aux. poly. ⇒ roots on imaginary-axis. 

Root-locus: For loop-gain 𝐿𝐿(𝑠𝑠) = 𝐾𝐾 𝑁𝑁(𝑠𝑠)
𝐷𝐷(𝑠𝑠)

, plot of roots of 𝜒𝜒(𝑠𝑠) ≝ 𝐾𝐾𝑁𝑁(𝑠𝑠) + 𝐷𝐷(𝑠𝑠), as 𝐾𝐾 ∈ [0,∞].  

#branches = max(deg(𝑁𝑁), deg(𝐷𝐷)); starts: poles of 𝐿𝐿(𝑠𝑠); ends: zeros of 𝐿𝐿(𝑠𝑠); symmetric wrt real-axis; 

#asymptotes = |deg(𝑁𝑁) – deg(𝐷𝐷)|, angles = odd multiples of 𝜋𝜋
#asymptotes

, meeting-point = sum of poles−sum of zeros
#asymptotes

; 

candidate breakaway points: � 𝑑𝑑
𝑑𝑑𝑑𝑑
�𝜒𝜒(𝑠𝑠)� = 0� ≡ � 𝑑𝑑
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� 1
𝐿𝐿(𝑠𝑠)� = 0� ;  

angle criterion: (sum of pole-vector angles) – (sum of zero-vector angles) = odd multiple of 𝜋𝜋; 
magnitude criterion: gain 𝐾𝐾 = (product of pole-vector lengths)/(product of zero-vector lengths); 
Use RH on 𝜒𝜒(𝑠𝑠) ≝ 𝐾𝐾𝑁𝑁(𝑠𝑠) + 𝐷𝐷(𝑠𝑠) to find gain 𝐾𝐾 at which roots are on imaginary-axis. 

Nyquist-plot: Polar plot of loop-gain freq resp, 𝐿𝐿(𝑗𝑗𝑗𝑗) for 𝜔𝜔 ∈ [−∞,∞] or of 𝐿𝐿(𝑒𝑒𝑗𝑗Ω) for Ω ∈ [𝜋𝜋,−𝜋𝜋]; 
#unstable poles of 𝑇𝑇 = #unstable poles of 𝐿𝐿 + #clockwise encirclements of (−1,0) point by Nyquist-plot; 

phase-margin = ��∠𝐿𝐿�𝑗𝑗𝜔𝜔𝑔𝑔�� − 𝜋𝜋� , when |𝐿𝐿�𝑗𝑗𝜔𝜔𝑔𝑔�| = 1; gain-margin = 1
�𝐿𝐿�𝑗𝑗𝜔𝜔𝑝𝑝��

dB, when ∠𝐿𝐿�𝑗𝑗𝜔𝜔𝑝𝑝� = 𝜋𝜋. 
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