Finite Element Analysis (FEA)

In its most simplistic form, finite element analysis capitalizes upon this fundamental
equation:

kx=F [1]
where: k spring stiffness [units of force/units of displacement]
X deflection [units of displacement]
F force [units of force]

In finite element analysis, k is referred to as "stiffness" and instead of the equation being
written in scalar form, as it is in equation [1], it is written as a system of equations in
matrix form, as shown in [2].

[ki{x} ={F} [2]

An example of how to form this system of equations is shown below. Consider this:
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What is shown in this picture, is an element, A, with nodes, and ®; each node being
subjected to a displacement x; or x, resulting in nodal forces, F1 and F,, respectively.
The system of equations representing this situation are given below:
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Now, let's conduct an experiment on the spring. Hold node 2 fixed so that it cannot

deflect.
X1

Summing forces:

Fia + F2a = 0



Foa = -F1a
Fia = K X1
Faa = -k x4

Now, hold node 1 stationary and apply a force at node 2.

X2

Summing forces

Fio + F2p = 0
Fap = -Fip
Fab = K X2
Fip = -k X2

The fact that this system is linear (we assume a linear spring rate) enables us to utilize
superposition, i.e., we can add the effects of each of these cases to determine the
overall effect:

Fia+ Fip
Foa + Fop

kX]_ - sz
kxy + K Xo

F1
F2

These equations say:
The total force at node 1, F, is the amount of force on node 1, caused by holding

node 2 fixed + the amount of force on node 1 caused by holding nodel fixed.

The total force at node 2, F», is the amount of force on node 2, caused by holding
node 1 fixed + the amount of force on node 2 caused by holding node 2 fixed

Now, the system of equations representing this element and its nodal forces and
displacements may be written,
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Notice a couple of features about the "stiffness matrix":

1 It is symmetric (i.e., row 1 is the same as column 1, and row 2 is the same as
column 2)
2 The determinant of this matrix is zero, i.e., the matrix is singular

The example given above represents a singular element with two nodes. The whole idea
behind finite element analysis is to discretize a component into several hundreds or
even several thousands of elements. The next example shows you how multiple
elements are assembled into a system.
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Case 1:
Fix nodes 2 and 3
X1 Fz, X2=0
Fi X1
K /\ /b/\/\ —> 3, X3=O
a b
F1=kaxi



Case 2:

Fix nodes 1 and 3

If the displacements at both ends are zero, then the middle node will have nodal force F,
equal to k, X2 + ky X2 (the first term, k, X2, extends the first spring, the second term, kg Xo,
compressess the second spring)

The force at node 1, F; in this case will be -k, X,
The force at node 2, F5 in this case will be -k, X

Case 3:

Fix nodes 1 and 2

Fz, X2=0 Xs
F1 X1=0—>E/\k/\/\ /\k/\/ —— F3, X

a b
Fs =kp X3
Fz = -kb X3
F]_ =0
Using superposition
Case 1: Fi=kaxts Fo=-kaxy F3=0
Case 2: F1 =-kaXo Fo,= (ka+kb)X2 F3 = -kpXo
Case 3: F1=0 Fo=-kp X3 Fz =kpXs

F1 = kaX1 - KaXz
F2 = -kaX1 + (KatKp)X2 - kp X3
Fz = -KpX2 + Kp X3



In matrix form:

6k, -k, 0UXO IR
Sk, kotky, - kI y=1Fy 5
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For two or three elements, examining combinations of possibilites of nodal displacements and
resulting nodal forces is not prohibitively complex. However, imagine trying to determine all the
possibilities for even a slightly more complex system, say 10 or 15 nodes. Finite element
analysis using even hundreds of nodes, instead of thousands, would be highly inaccurate and
would yield undependable results. So how is the process of assembling thousands of elements
and thousands of nodes into a system of equations handled efficiently?

Generally, the stiffness matrix for each element is computed, and then the thousands of
matrices required for all the elements are assembled into one large system matrix--a
global stiffness matrix. For example, if there are 3 nodes on two elements, 2 elemental
matrices are computed, and then a global stiffness matrix is assembled by
"superimposing” the elemental matrices. Let's look at the previous example, form two
elemental matrices and superimpose them to get a single 3 x 3 global stiffness matrix.

The first element consists of nodes 1 and 2. The elemental stiffness matrix for element 1
is:

o]

The second element consits of nodes 2 and 3. The elemental stiffness matrix for element
21is:
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Superimposing the two elemental matrices results in the following global matrix
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The overlap occurs in the global matrix where elements share nodes. For example, node
2 is shared by elements 1 and 2, so elemental stiffness matrices are added together
beginning at global element member k..

To test your understanding of assembling a global stiffness matrix, try assembling the
following elemental matrices into a single global stiffness matrix. Also, draw each
element and label nodes and nodal forces.
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